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Answer two of the following five problems. (D00 5000 200000000)

Problem 1 (5 points): Let S = R\ {—1} and consider an operation defined by a o b = a + b + ab.

Then prove that “o” is an operation on S. Here, we suppose that arithmetic operations over R are
defined.

Problem 2 (5 points): In the problem 1, prove that (S, o) is a group. (Not need to prove “Closure.”)

Problem 3 (5 points): Let G be an Abelian group and k be a positive integer. Prove that G*) =
{z¥ € G | x € G} is a subgroup of G. Here, you can use (a-b)" = a™ - b" for a,b € G when G is

an Abelian group.

Problem 4 (5 points): Prove that the group whose order is a prime number is a cyclic group without

a proper subgroup. (Hint: Prove it is a cyclic group, and it does not have a proper subgroup.)

Problem 5 (5 points): Let H be the subgroup of a group G. Prove that H is a normal subgroup,
when H has the index 2. (Hint: It is better to divide into « € H and a & H.)



