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BIREP3 (R RKRXEIF) : nfADT—2MERFa[]IZBE AN TLNVS

&= XA [p.qllzxt9 5F0(

X R F0)sum(p, q)zr, TDRXRINDE

Fa[p]l~a[qDFEEERTS. CDEE, KEIFDRKEEZRD L.

TARTORMIZOVNTHIGT HREFIZERDILILLL.
7 L3 X LP3-A0:
maxsum=0; ST ERFM
for(p=0; p<n; p++) 3EIL—TFE=H5
for(g=p; q<n; g++){ O(n3) B[
/I RFE[p,q] TD FlsumZ3K &5
sum=0;
for(i=p; iI<=q; 1++)

sum = sum + a[i];

If(sum > maxsum) maxsum = sum;

¥
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Problem P3(Largest Sum Interval) : Given n data in an array a[],
a sum interval sum(p,q) for an interval [p,q] is defined as the sum of
elements a[p]~a[qg]. Find a largest sum interval for a given array.

It can be computed by computing the interval sum for every interval.

Algorithm P3-A0:

maxsum=0;

for(p=0; p<n; p++)

for(g=p; q<n; g++){
// find the interval sum in an interval [p,q]
sum=0;
for(i=p; iI<=q; 1++)
sum = sum + a[i];

If(sum > maxsum) maxsum = sum;

¥

Computation time:
triple-loop=>
O(n3) time
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2RIDEZAAICEDTILTUVX L

S[i] = a[0]~a[i]D#0, LEET HE, EfE[p,g]DFIE
sum(p,q) = sum(0,q) - sum(0,p-1) =S[q] - S[p-1]

ELTEHETES. LI=AHT, 9[0], S[1], ..., S[n-1]%

ROTHITIE, REZEDRKEEZKROSBELEELLLGS.

7ILT1) X LP3-A3:
S[0] = a[0];
for(i1=1; i<n; I++)
S[i] = S[i-1] + a[i];
maxsum=a[0]; minsf=a[0];
for(p=1; p<n; p++){
If(S[p] - minsf > maxsum) maxsum = S[p] - minsf;
If <mi Insf = '
} (S[p] < minsf) minsf = S[p]; e
O(n)
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return maxsum,;




Algorithm based on completely different ideas

If we define S[i] = sum of a[0]~a]i], the interval sum for [p,q]
can be computed by
sum(p,q) = sum(0,q) - sum(0,p-1) =S[q] - S[p-1].
Thus, if we have S[0], S[1], ..., S[n-1] in advance then the problem
IS reduced to that of finding the largest interval difference.

Algorithm P3-A3:

S[0] = a[0]; .
for(i=1; i<n: i++) C_:omputatlon
S[i] = S[i-1] + a[i]; “mg o

maxsum=a[0]; minsf=a[0];

for(p=1; p<n; p++){
If(S[p] - minsf > maxsum) maxsum = S[p] - minsf;
if(S[p] < minsf) minsf = S[p];

} 6/46

return maxsum,;




YEXABC AL THRIEED ?

IW—T DR TIEEHIS[)IZBEL TIES[IDIEL NS HEL TULVALY.
=>HMZEH TEET HHE(LIZL.
S[i]&kHDHI—T ERMBFRKIEERDHDIL—TEFLDD.

7ILT) X LP3-Ad:
maxsum=a[0]; minsf=a[0];sum=a][0];
for(p=1; p<n; p++){
sum = sum + a[p];
If(sum - minsf > maxsum) maxsum = sum - minsf;
If(sum < minsf) minsf = sum;
}

return maxsum,;

SRR L IZYO(N).

7146



Is it possible without auxiliary array?

In the loop we refer only SJi] in the array SI].

=>n0 need to maintain sums in an array
Combining the loop to find S[i] and that of finding the largest
sum interval, we have

Algorithm P3-A4:
maxsum=a[0]; minsf=a[0];sum=a][0];
for(p=1; p<n; p++){
sum = sum + a[p];
If(sum - minsf > maxsum) maxsum = sum - minsf;
If(sum < minsf) minsf = sum,;

}

return maxsum,;

Computation time is still O(n). 8/46
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BoFZEEMNLRICIRIZERANTLK.
A[i|EFRTZEE, [0,i-1]OERIZEF28ADREFIZEL,
ali|zBintET ARBDHTHOHRARBEFIZER[I]ET S.

—DEE,
. L[i-1] L[i-1]]=R[i-1]D&E,
L[i] = | RII-1] ZhLSNDEE.

o ali] R[i-1]+a[i]<a[i]D &=,
R[] = | R[i-1] + a[i] ZFNLHNDEE.

i R[]
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Algorithm based on dynamic programming

The array iIs checked from left to right.
Let L[i] be the largest sum interval in the interval [0, i-1] and

R[1] be the largest sum interval for interval with a[i] in its right end.
Then, we have

(L[] ifL[i-1]=R[i-1],
L[] = { R[i-1] otherwise.

_ a[i] if R[i-1]+a[i]<a[i],
R[il = { R[i-1] +a[i] otherwise.

R[i]
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- ( L[i-1] L[i-1]]=R[i-1]D&E,
LIi] = | RII-1] FhUsDEE.

o ali] R[i-1]+a[i]<a[i] &=,
R[] = | R[i-1] +a[i] ZFNLNDEE.

&ZIZL[N-1]ERN-1I]D KREWVAIFKIE.

7 ILI1) X LP3-A5:
L[0] = R[O] = a[O];
for(i=1; i<n; 1++){

If( L[1-1] >= R[i-1] ) L[i] = L[i-1]; else L[i] = R[i-1];

If( R[iI-1] + a[1] < a[i] ) R[1] = a[i]; else R[i] = R[i-1] + a[i];
}
If( L[n-1] > R[n-1] ) return L[n-1]; else return R[n-1];

AT EBFREIXO((N).
EXRADEHNZLG<TEIITELIMN? 11/46




(L[] ifL[i-1]=R[i-1],
L[] = { R[i-1] otherwise.

_ a[i] if R[i-1]+a[i]<a[i],
R[il = { R[i-1] +a[i] otherwise.

Finally, we take the larger of L[n-1] and R[n-1] as the maximum.

Algorithm P3-A5:
L[0] = R[O] = a[0];
for(i=1; i<n; 1++){

If( L[i1-1] >= R[i-1] ) L[i] = L[i-1]; else L[i] = R[i-1];

If( R[1-1] + a[i] < a[i] ) R[1] = a]i]; else R[i] = R[i-1] + a]i];
}
If( L[n-1] > R[n-1] ) return L[n-1]; else return R[n-1];

Computation time is O(n).

Is it possible to do without any auxiliary array? 12/46



L[I|DEIXL[i-1]1&ER[I-1]721T TR ES.
RIIIDEIXR[i-1], a[i]ZITTRES.
&2 T, EEAIZEFEIBHETZZLN.

7 IL31) X LP3-A6:
L =R =al0];
for(i=1; i<n; i++){
If(L>=R)L=L;elseL=R,;
If( R +a[i] <a[i] ) R=a]l]; else R =R + afi];
}

If( L > R) return L; else return R;
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L[1] is determined only by L[i-1] and R[i-1].
R[1] is determined only by R[i-1] and a[i].
Therefore, no auxiliary array Is required.

Algorithm P3-AG6:
L =R =al0];
for(i=1; i<n; i++){
If(L>=R)L=L;elseL=R,;
If(R+a[i] <afi] ) R=aJi]; else R =R + a]i];
)

If( L > R) return L; else return R;

14/46
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BIREP4: D T—A2MERHa[]ICEZ LN TLV\SET 5. X [p,q]
2B 1FBHEH [EZFave[p,qlET bEE, COFEBEEZRKIZTIHIX
Bz K& k.

0 12 3 4 56 7 8 9
al10]-9]-5[12]-3[10]-8]11]-8]-2
|

ave[3,7] = 22/5=4.4  ave[3,5]=19/3=6.33

E(X, REICHIELLZITFNIX, CORIREIXEIZFEE.
BEANDERKEZAi]ET 5L, FHEZHKIZTHXE I
[i]ELNS T &ITi 3.

Eff: LREDERZEAE L.

TlE, REDRSZ2UEICREL-ERXESEAS?
SEXEMGAETIEEBEIIKESTL.
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Problem P4: Suppose n data are stored in an array a[]. By ave[p,q]
we denote the average of elements in an interval [p,q]. Then, find

an interval maximizing the average.

0 12 3 4 56 7 8 9
al10]-9]-5[12]-3[10]-8]11]-8]-2
|
ave[3,7] = 22/5=4.4  ave[3,5]=19/3=6.33

If there Is no constraint in intervals, this problem is in fact quite easy.
If a[i] Is the maximum in the array, then the interval maximizing the

average is obviously [i,i].

Exercise: Question: Prove the above fact.

Then, what about if the length of an interval must be at least two?

In this case there is no simple algorithm.

18/52
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TARTHORMBIZDODNWTEBEEZRD, TORKEZRHDS

7 IJLI1) X LiP4-AO:
maxave=(a[0]+a[1])/2;
for(p=0; p<n-1; p++)
for(g=p+1; g<n; g++){
sum = 0;
for(i=p; I<=q; I++)
sum = sum + a[i];
ave = sum/(g-p+1);
If(ave > maxave) maxave = ave;

}

return maxave,

JO0SLDEENIEIL—TTHAHMND, O(N)ERIMNMNS.
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(Brute-force algorithm)
computes average for every interval to find the largest value.

Algorithm P4-AO0:
maxave=(a[0]+a[1])/2;
for(p=0; p<n-1; p++)
for(g=p+1; g<n; g++){
sum = 0;
for(i=p; I<=q; I++)
sum = sum + a[i];
ave = sum/(g-p+1);
If(ave > maxave) maxave = ave;

}

return maxave,

Triple-loop structure => O(n3) time.
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(B®E1)
XEMZRODAREELHAEDOEHEEANEITS

7ILT) X LP3-Al:
maxsum=a[0];
for(p=0; p<n-1; p++){
sum=0;
for(g=p; q<n; g++){
sum = sum + a[q];
If( sum > maxsum) maxsum = sum;

}

return maxsum,;

FEOT7IILTVXLEZXREFEHRIZERTIXEKLN.
==L, #EERO7ILOYXLEGRATAIEILTELRL.
(A HNESH ?)
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(Improvement 1)
Application of algorithm for largest sum interval leads efficiency.

Algorithm P3-Al:
maxsum=a|[0];
for(p=0; p<n-1; p++){
sum=0;
for(q=p; q<n; g++){
sum = sum + a[q];
If( sum > maxsum) maxsum = sum;

}

return maxsum,;

It suffices to convert the above algorithm for average in intervals.
Note that we cannot apply the linear-time algorithm.
(What is different?)

22/52



7 LT X LP4-AL:
maxave=(a[0]+a[1])/2;
for(p=0; p<n-1; p++){
sum=a[p];
for(g=p+1; g<n; g++){
sum = sum + a[q];
ave = sum/(g-p+1);

If( ave > maxave) maxave = ave;

}
}

return maxave,

XBEHDEEIZIE,
J XBDEESMN2LLET

BTGl sl
EE.

sTE R

AN

SEIX2E/IL—T D1

EEL DT, O(n?)HEf.
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Algorithm P4-Al: For interval average,
maxave=(a[0]+a[1])/2; note that the length of
for(p=0; p<n-1; p++)X interval must be at least
sum=a[p]; 2.
for(g=p+1; g<n; q++){
sum = sum + a[q];
ave = sum/(g-p+1);
If( ave > maxave) maxave = ave;

}

}

return maxave,

Computation time
double loop structure => O(n?) time.

Is there a linear algorithm like in the largest sum interval prolgj/gzrn?



Xz mKIZT HEIREP3EEHRIZ, ECHID0E B oD
S[p] = a[0]+a[1]+...+a[p]Z T N TDpIZDWLVTRKRHT, (p, S[p]) T
T RZ2EmEIZTAvRLTH LS.

| 2REBAHBEHRDIES
(9, % S[q]-S[p]
qg-p
o |(ol Sip) V~
IR ® ﬁ-)/ ? 1 CHIERRE[p+1,q]lz
| o |/ | o @ HlTHFEHEIZZFLLY
@) @)
@)
0 D q n-1

L=5>T, LREEDNRDOH, ED2RZBIEMRESIFIXIEEN
AICEANZEROHAHMEEELD. 1-12L, RfeIDRsZ#2LL LI
HIRLTLNAD T, BERF 2L EBENTULRITILIZSEL.
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As in the largest sum interval problem P3, compute the sum
S[p] = a[0]+a[1]+...+a[p] for each p and plot it at (p, S[p]) In
the plane.

slope of line through the

, two points
{a. % S[q]-S[p]
/ qg-p

® S[p]
o ? ? ﬁ')/ 7 ? This is the average iIn
? the interval [p+1,q].

»
>

0 D q n-1

Thus, the problem is to find two points among n points so that their
associated line has a largest slope. Here, since the length of each

Interval must be at least 2, their x-coordinates must differ at least by 2.
26/52
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Fixing the left endpoint p,
which point (g, S[q]) should be selected to maximize the slope?

We should find a tangent
line to the smallest convex
polygon (upper convex hull)
of a set of point in the

range q=p+2.

0 D q n-1
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Fixing the right endpoint p,
which point (p, S[p]) should be selected to maximize the slope?

line to the smallest convex
polygon (lower convex hull)
@ | of asetof point in the

Q range p=g-2.

iq, S[q]l We should find a tangent
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R, &ilZD20T, XME[0,i-1]0 5D TERMELCH(0,i-1)&
X E[i+1,n-1]D =D L EHEUCH(i+1,n-1)ZROTHE,
mE DL BIREETRONIELL.
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After all we should compute for each i the lower convex hull
LCH(0,1-1) for an interval [0,i-1] and the upper convex hull

UCH(i+1, n-1) for an interval [i+1, n-1] and then find their
common tangent.

I
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Compute the lower convex hull LCH(0,i-1) for an interval [0,i-1].
Update LCH(O,i) while increasing I.

WV

A
XJ\ \& 4

‘?\S
N\
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X fE[0,i-1]D "D T Eh B LCH(0,i-1)DETE
iz B[ ZHEASLAEASLCH(0,)FIBIZFE $T
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Compute the lower convex hull LCH(0,i-1) for an interval [0,i-1].

Update LCH(O,i) while increasing I.

WV

)

AN

U

Y

| © ,Z/C

Maintain LCH(0,i-1) as a
directed tree. To insert a
point i, traverse the tree
from point i-1 to the root
and determine the edge
when it becomes a tangent
to LCH(O, i-1).

0

n-1

Exercise : Show that the above computation is done in O(n) time.
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Compute the lower convex hull LCH(0,i-1) for an interval [0,i-1].

/i<\‘“;
(o
R~
\\h
\\ \\\ﬁ
o
o
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Compute the upper convex hull UCH(i+1,n-1) for an interval [i+1,n-1].
Update UCH(i+1,n-1) while decreasing I.

A

\

A\

——
Q/f g (

\
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ICBEL TREFEHDHREKEEZKRDS.
[0,i-1]D R &E[i+1,n-1]D R ESMESHRKDFERZTKRHS.

[ b

i

Ri-1&E Ri+1ZH#E S
R MBIED T,

# D B IZLCH(0,i-1)

A D = IEXUCH(i+1,n-1)
DilZWUY, @i
KD B.

n-1
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Find an interval maximizing the average for each .
Find a largest-slope line connecting points in [0,i-1] and [i+1,n-1].

[ b

Starting from the line
connecting point i-1 and
point 1+1, trace LCH(O,i-1)
for the left points and
UCH(i+1,n-1) for the

right points.

n-1

42/52



BIRHGFHRESIEIRDAEY

do{

}

}

}

while((p,q,UCH(i+1,n-1)IZ 5+ 2qD ) 1 R Bt [
q=UCH(i+1,n-1)IZ& T HqD#; change=true;

p=I-1; g=i+1;

change=false;

while((LCH(O0,i-1)IZ& 1T 5pD#R,p,q,) A BFETEIY) {
p=LCH(0,i-1)IZ#+5Hp®D#i; change=true;

) {

FEEDFHEEIXONBFHB TTES.

_Nnzn[E

oj#l) R EEARTIEOM)IZE>TLED.

RIZEFE [CRETESHOM?
HAWNE, KIICOM)EFEMNNDDH ?
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The concrete procedure is as follows:

p=I-1; g=i+1;
do{
change=false; ccw: counter-clockwise
while((p,qg,parent of g in UCH(i+1,n-1)) is ccw) {
g=parent of g in UCH(i+1,n-1); change=true;
}
while((parent of p in LCH(0,i-1),p,q,) is cw){
p=parent of p in LCH(O0,i-1); change=true;

}

}

The above procedure is done in O(n) time.

If we iterate it n times, the overall time becomes O(n?).

Can we improve it into linear time?

Or, does it really take O(n?) time? 44152
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Find an interval maximizing the average for each i.
Find a largest-slope line connecting points in [0,i-1] and [i+1,n-1].

A

Starting from the line
connecting point i-1 and
point 1+1, trace LCH(O,i-1)
for the left points and
UCH(i+1,n-1) for the

g C right points.

N
U\\

N\
A\

N\
7

0D
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If
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Ri-1&E Ri+1ZHFE S
BRI MBIRD T,

# D B IZLCH(0,i-1)

A D = IEXUCH(i+1,n-1)
DilZWUY, @i
ZKDB.

n-1
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Find an interval maximizing the average for each i.
Find a largest-slope line connecting points in [0,i-1] and [i+1,n-1].

A

Starting from the line
connecting point i-1 and
point 1+1, trace LCH(O,i-1)

T | for the left points and
M| L UCH(i+1,n-1) for the
g C right points.
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ICEAL TREFEHDRKIEZKDS.
[0,i-1]D R &[i+1,n-1]D REFESMESHRRDIR DT ZERDS.
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AN\
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Ri-1&E Ri+1ZHFE S
BRI MBIRD T,

# D B IZLCH(0,i-1)

A D = IEXUCH(i+1,n-1)
DilZWUY, @i
ZKDB.

n-1
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Find an interval maximizing the average for each i.
Find a largest-slope line connecting points in [0,i-1] and [i+1,n-1].

A

Starting from the line
connecting point i-1 and
point 1+1, trace LCH(O,i-1)
for the left points and
UCH(i+1,n-1) for the

right points.

A\
AN\
RV
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ICEAL TREFEHDRKIEZKRDS.
[0,i-1]D R &[i+1,n-1]D REFESMESHRRDIR DT ZERDS.

\VA!
A

A\

i

Ri-1&E Ri+1ZH#E S
R MBIED T,

# D B IZLCH(0,i-1)

A D = IEXUCH(i+1,n-1)
DilZWUY, @i
KD B.

n-1
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Find an interval maximizing the average for each i.
Find a largest-slope line connecting points in [0,i-1] and [i+1,n-1].

Starting from the line

connecting point i-1 and
point 1+1, trace LCH(O,i-1)
P for the left points and
—<_ UCH(i+1,n-1) for the
C right points.
(¢
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The same edge can be traversed more than once in this algorithm
and thus it cannot guarantee linear computation time.
Is there any example requiring O(n?) time?

Guarantee of linear time No edge of UCH() is
! traversed three times.
ql ™
¢ o | IP /ézigj/f!idge traversed
IN the search i
and 1+2. )
0 I n-1 ]

The two points i-1 and i1+1 must lie above the line pg. But, then the
edge is never traversed in the search at i, a contradiction (Whyg2j2
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FERIFIDLDIFERLEAINLDIERERTUCHDRIL A AU
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B, UCHODEDBHIELL LSBT EIFEN EAVETLRH
Shf-. LCHIZDWTE R THS.
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Similarly, for k=2, the same edge in UCH is never traversed in

the search from point i-1 and from i+k.

Remark : It happens that the same edge in UCH is traversed In
the search from point i-1 and point I.

At last, it has been proven that no edge in UCH is traversed
three times. Same for LCH.
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RIRHIZTILT) X LIFRD LI5S,

FZILT1) X LP4-A2:
&#1Z, S[i]=a[0]+a[1]+...+a[i]ZR & B(i=0, 1, ..., n-1)
XRIZEESEG, S[]), i=0, ..., n-1Z%#ERk.
LCH(0, i-1)&EUCH(i+1, n-1)ZIBIZ#& 5%
maxslope=(a[0]+a[1])/2;
for(i=1; i<n-1; i1++){
Ri-1ERI+HIZTHRESRA M BIRO T,
ZDRIXLCH(0,i-1), &M R IFUCH(i+1,n-1) M3iA%5lY),
HoE LR (0, S[pD-(a, S[A)ZEXRDHB.
if( @ EHE D EZ>maxslope) maxslope=1L B EEDIES;

}
maxslope# H 73;
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Finally we have the following algorithm.

Algorithm P4-A2:
First, we compute S[i]=a[0]+a[1]+...+a[i] (i=0, 1, ..., n-1).
Then, construct a set of points (i, S[i]), 1=0, ..., n-1.
Construct LCH(O, i-1) and UCH(i+1, n-1) in order.
maxslope=(a[0]+a[1])/2;
for(i=1; i<n-1; i++){
Starting from the line connecting point i-1 and point i+1,
traverse edges in LCH(0,i-1) for the left point and in UCH(i+1,n-1)
for the right point to find the common tangent (p, S[p])-(9, S[q]).
If( slope of tangent line>maxslope) maxslope=slope of tangent line;

}

output maxslope;

Exercise: Implement this algorithm.
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