1216 F1E & O IR S BB R

LR & - ElEG 52— B
20175 1-184(4-58)




1216 Computational Complexity
and
Discrete Mathematics

by
Prof. Ryuhei Uehara
and

Prof. Eiichiro Fujisaki
Term I-1, April-May, 2017




AN Y

AN Y

— ITEREDE

—JL1:

ATE=0NIE

[T1L
|

‘BT R RIRET BT AT E A/ A

« EBUCIL2IEHFET D,
1. FHETEE() B
2. RTETIEEEM

— )L 2:

S I1ZTT AEREFS

« AIRARRGHETH>TH. FILHAAZLLGENDHD !

- §T&IC

WEIGER (B - B NS TE5HLE



Computational Complexity

e Goal 1:

— “Computable Function/Problem/Language/Set”

 We have two functions;
1. Functions that are not computable!
2. Functions that are computable.

e Goal 2:

— How can you show “Difficulty of Problem”

e There are intractable problems even if they are
computable!

— because they require too many resources (time/space)!
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Computational Complexity

e Goal 1:
— “Computable Function/Problem/Language/Set”

e Technical terms;

computability, diagonalization

e Goal 2:
— How can you show “Difficulty of Problem”

e Technical terms;

The class NP, P#NP conjecture, NP-hardness, reduction
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Text book

“Introduction to the Theory of Computation”
Michael Sipser, PWS Publishing Company, 1997.

Part 1 (Chaps. 1, 2)
Automata and Languages
... 1118 Graphs & Automata

Part 2 (Chaps. 3,4, 5, ©)
Computability Theory
... 1t Goal

Part 3 (Chaps. 7, 2, 9, 10)

e, S— — " Complexity Theory
... 2" Goal

3"d edition is available in English Edition...
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1. Function/Problem/Language/Set

1. What are functions/problems/languages/sets’?

Function: correspondence between Input & Output

x (input) ——

Function F

-  y=F(x) (output)

Point: For the same x=x; and x=x, , we always have F(x,)=F(x,).

Problem: computation of a function

Eg Sorting Problem

input: sequence of natural numbersa,, a,, ..., a
output: increasing order a4, a,,, ..., 0;

n

n*
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1. Function/Problem/Language/Set

1. What are functions/problems/languages/sets’?

Function: correspondence between Input & Output

x (input) ——

Function F

- y=F(x) (output)

Point: For the same x=x; and x=x, , we always have F(x,)=F(x,).

Problem: computation of a function

Eg Performance of a computer system S

system S

u=v

< x (input)

——» y (output)

problem of computing a function to map (x,u) to (y,v)
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1. Function/Problem/Language/Set

1. What are functions/problems/languages/sets’?

Typical Function: computation of 0/1 for given x in

binary string

x (input) ——

in binary string

Function F

— y=F(x)..0or1

Eg Grammar check in C compiler

x (input) ——
source file

Grammar
checker

> y=F(x) ... 0: Error!!

1: OK.

(in binary representation in computer) (turn to generate exe-file.)
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1. Function/Problem/Language/Set

1. What are functions/problems/languages/sets’?

Language recognition: decide if given x is a correct
“word” (for given grammar)

x (input)

—>

in binary string

Grammar

checker

—  y=F(x) ... 0: wrong

1: correct

Set recognition: decide if given x is in some S or not

- ™\
/ Set S N €
0 00 10
111
10001
> / Y,

>*={¢,0,1,00,01,10,11,...}
€: empty string of length O
s={0,1,111,...}
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1. Function/Problem/Language/Set

[Note] In this class, we only consider binary functions
f(x):2* - %, where 2={0,1} (and 2*={¢,0,1,00,01,10,11,...})
..\Why?

[Reason] We can simplify the arguments without changing
the essence of computation.

e General alphabets?

e Multiple inputs?

e Multiple outputs?

 Non-digital data?
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1. Function/Problem/Language/Set

[Note] In this class, we only consider binary functions
f(x):2* - %, where 2={0,1} (and 2*={¢,0,1,00,01,10,11,...})
..\Why?

[Base 1] Any data can be represented by binary strings.
Ex.1: Any alphabet (a-z,0-9,...) can be encoded in
8bit binary string by ASCII code.
Ex.2: Any music can be encoded in mp3 format.
Ex.3: Any photo can be encoded in jpeg format.
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1. Function/Problem/Language/Set

[Note] In this class, we only consider binary functions
f(x):2* - %, where 2={0,1} (and 2*={¢,0,1,00,01,10,11,...})
..\Why?

[Base 2] Any language can be recognized by
some binary function as follows.

Ex.1: any English sentence be recognized by the following
function:

English
Sentence x ———»{ grammar  — 0:xis not correct English
in binary string checker 1: x is correct English
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1. Function/Problem/Language/Set

[Note] In this class, we only consider binary functions
f(x):2* - %, where 2={0,1} (and 2*={¢,0,1,00,01,10,11,...})
..Why?

[Base 3] Any function can be interpreted into
another binary function in a sense.
Ex. : for any f(x)=y over integers can be represented as...
 Any integer x can be represented in binary number.
e Computation of “f(x)=y” can be represented by the

following yes/no type function
&Y / yP f We consider that f” is as
hard as f
<x,y> ——  Functionf’ — O:f(x)zy

in binary string 1: f(x)=y
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1. Function/Problem/Language/Set

[Note] In this class, we only consider binary functions
f(x):2* - %, where 2={0,1} (and 2*={¢,0,1,00,01,10,11,...})
..\Why?

[Exercise 1] How can you interpret the following sorting
problem into binary function?

Sorting Problem
input: sequence of natural numbers a,, a,, ..., a
output: a,,, a,, ..., 0;, in increasing order

n
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2. Algorithm

2. What are Algorithms?

Algorithm for solving a problem
— method for computing an output specified in the problem.

. ?
What to be computed: > different
e How to compute?

E.g. Problem of calculating a root of a quadratic equation
input: rational numbers a, b, ¢

output: an x that satisfies ax*+bx+c=0

— OQOutput is clearly defined but how can we find it?

"Algorithm = method"
=>»algorithm =a method that can be realized as a program

program ... depends on “machine model”
- history of “computability”
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3. Machine model & computability

3. Studies on what is a computation.
“When do we call a function computable?”
Recursive function theory by Kleene
Turing machine theory by Turing

=>»the whole set of recursive functions
=the whole set of functions computable by Turing machines

Church's Thesis on the definition of “computability”:
This is the set of “computable” function!
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3. Machine model & computability

3. Studies on what is a computation.

Turing machine model consists of

* finite control

Finite
conoral

 infinitely long tape

with read/write head | \ cear
read/write "y

head

In|t|a” » : infinite tape
Y T T

[ [ |
1. tape consists of “letters”

2. the head is located at the leftmost position
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3. Machine model & computability

3. Studies on what is a computation.

Turing machine model consists of
e finite control
 infinitely long tape

Finite

with read/write head control
It moves as follows;
1. r/w head reads the letter Leak e .Ei”
1 L ™ infinite tape
2. according to the letter, T H| Taat

1. rewrite the letter
2. move the head to the left or right neighbor

3. change the state of control and go to step 1 until it comes
to “accept” state or “reject” state.
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3. Machine model & computability

3. Studies on what is a computation.

Turing showed that Turing machine is universal
e it can simulate any computation

* it has the same computation power as recent
supercomputers! (if you do not mind the speed)

Finite
control

readfwrite - .gaar
head

a
L infinite tape
Ll | | [T I T T T T 111




3RV VETIVERTEATREE

3. T5T& &I/
Fa—)TEFa—1) 002 D AREEEEERA
{51|1.
T—7 LDXFDIEFEHI K = XF (L 24;
FNEFNDXFEE2EXFITHSL.

control

gear

readfwrite "y

head a
L infinite tape
L[| [T TTTTT1]




3. Machine model & computability

3. Studies on what is a computation.
Turing showed that Turing machine is universal
E.g. 1.
k letters tape = binary tape;
each letter can be encoded by a binary string.

Finite
control

readfwrite gear
head
L] ]

a4

a
L infinite tape
| | HEEEER
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3. Machine model & computability

3. Studies on what is a computation.

Turing showed that Turing machine is universal

E.g. 2.

infinite both sides = infinite just right side;
1. “fold” the tape at the center
2. for the four letters, apply E.g. 1.

Finite
control

3. finite control has a state for

“which tape?” | \gw
v || NS

||||H||‘ﬁ'||||

infinite tape
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3. Machine model & computability

3. Studies on what is a computation.

Turing showed that Turing machine is universal

E.g. 3.

k (binary) tapes = 1 binary tape;

1. “stack” the k tapes onto a tape

2. for the 2k letters, apply E.g. 1.

(each head position is stored at
left end)

Finite
control

readfwrite gear
head
L] ]

"

i
L infinite tape
H||ﬁ|||||||
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3. Machine model & computability

3. Studies on what is a computation.

Turing showed that Turing machine is universal
E.g. 3.
k tapes = so-called “von Neumann computer”
= k bit computer on your desktop

Address Darta

0000 0ooo (0101 0101 - ;
00000001 0000 OO0 Lmite contro

oooooo1o 11111111 Program counter: PC
00000011 (11001100
00000100 (11000011

11111110 (00001111
11111111 1111 0000




3RV VETIVERTEATREE

3. TEt& &I

Fa—o T RF1—)0T T DTS

ZONEERTATT;

1. Fa—)2o0I 0 TIEUTD2DOORBE DL
FZ(ETHRWV)2EXFIITRIZT HEMTES.
1. ARFEHIZEEZTTL-XFS
2. T—TDABEEEZTFLIE-XFS

2. BREFa—YUTII UIF2EXFIITRIESN
FIEEOF1—)2T0T0 TOEFEEZRTES
(R UIF—FEDILZaL—4))




3. Machine model & computability

3. Studies on what is a computation.
Turing showed that Turing machine is universal
Two crucial ideas;

1. A Turing machine T can be encoded as a (loooong)
binary string that consists of
1. string that represents the finite control

2. string that represents the contents on the tape

2. A universal Turing machine U simulates any Turing
machine T represented in the binary string.

(The machine U is a kind of “simulator”)
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3. Machine model & computability

3. Studies on what is a computation.

Turing showed that Turing machine is universal

In the term of “function” Fu:

input <T x> —

Function Fu

> output y=T(x)

input <T x>: that represents “the code of T’ and “the code x of the input to T’
output T(x): the output of T with its input x

[Theorem] (Turing 1936)
There is a (universal) Turing machine U such that it computes T(x)
for any given Turing machine T and its input x.
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3. Machine model & computability

3. Studies on what is a computation.
Turing showed that Turing machine is universal
In the term of “Turing machine”:

Finite ﬁ/ Description of U
conftrol

1. <Tx>is encoded and written on the tape at first

\\ cear 2. T(x)will be written on the tape by U in finite time
(if T(x) does not halt, so is U.)

read/vwrite
head

infinite tape
L1 ]| |||T"||||||||

input <Tx>: that represents “the code of T’ and “the code x of the input to 7’
output T(x): the output of T with its input x
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4. Undecidability and Diagonalization

4. Undecidable problem

The following problem cannot be solved by any
Turing machine:

Problem HALT(Problem of deciding halting)
input:a code <T x> of Turing machine T and an input x
output: T will terminates for the input x?
Yes: if T(x) terminates
No: otherwise.

Precisely, we can show that there is no Turing machine U’ that
computes the halting problem

...Proof is done by “diagonalization”



