1216 Computational Complexity and Discrete Mathematics Report

2017, Term 1-1
Ryuhei Uehara(Room I67b, uehara@jaist.ac. jp)

Propose(0 0 ): April 27 (Thu)
Deadline(0 0 00 ): May 2 (Tue), 10:50am.

Note(OU0): 00000000000 DO0OOOUO0OOODOOOOD0OO0OOODOOOOO PDFOOOO
O0000000000OWordOODOOOOOOOODDODOOOODOOOOOooOoOoooooog (Do
not forget to write your name, student ID, problems, and answers on your report. You can send
your report by email in PDF file format. The report in Word file format is not accepted. Deadline

is strict. You can answer in English or Japanese.)

Problem 1: 000 Problem 1.1~1.300 10000000 (100 )0 (Answer one of the following three
problems 1.1~1.3 (10pts).)

Problem 1.1: X;,X,,.. 000000000000z, 2e,...00000200000000(0
00 ;0000000000 X;02000000000000000)X,;,020000 20
000000000 X;(x)000000000000000 z20y00000000000 z-y
oooOoOoOoo0Oo00-111=o00011100000000Q0Q00CODO fOOO0OO

f(a) Xi(z;) Xi(z;) X;0002=2,00000000000
xTr) =
0 oooo

0000 fO00000000O0OOOOOO0O (Let Xy, Xa,... be the Turing machines, and
Z1,%a,... are the corresponding binary string. (That is, a string x; is the binary code of the
Turing machine X;.) We denote the output of X; with a binary input x by X;(z). For two
strings = and y, their concatenation is denoted by z -y (e.g., 000 - 111 = 000111). Let f be

the function defined as follows:

f(x) { Xi(z;) - X;(x;) if X; halts for the input = z;
€Tr) =

0 otherwise

Prove that this function f is not computable.)

Problem 1.2: 000000 NOOOOODODOOOONODODOOOOOD2YO00000000O
0000000000000 000O0(The set N of natural numbers is countable. Now, prove
that the set 2%V of subsets of N is not countable by diagonalization.) (Hint: For S = {1, 2,3},
we have 2 = {0, {1}, {2}, {3}, {1,2},{2,3},{1,3},{1,2,3}})

Problem 1.3: 200 0000000000000 0O0O0ODOOCO0OODO ROOODODDOOOOODOO
0000d0o0ooooooogoooodoooooooooDooooo0ooooooooo
00000 ROODOOO0O0O0O0O0O00O0OD0O0000000D000000000oooOoDO0Od
0000000000000 O000 (In one slide of the second lecture, we prove the theorem
that claims “The set R of all real numbers is not countable.” Now let replace every “real” by
“rational”. Then it seems that we prove the theorem that claims “The set R’ of all rational
numbers is not countable.” But, the set of all rational numbers is countable. Point out where

is wrong.)



Problem 2: 000 Problem 2.1,2200 10000000 (10 0)O (Answer one of the following two
problems 2.1 and 2.2 (10pts).)

Problem 2.1: D00 000000D00OD0O0OO0O0OOD0DO0ODOO0OO0ODOOODOODOOOODOOOO
0000000000000 (Determine if each of the following equations is correct or wrong.
If it is correnct, prove it. If it is wrong, disprove it. You can use I’'Hospital’s rule if you need
it.)
1. 3n3 +4n%? = O(n? + n)
2. 3n%2 +3n=0(n® +2)
3. n=0(logn)
4. n® = 0(2")
Problem 2.2: 0000000000000 000000O0O0OOODOOOOO0O0O0O0OOCOOOO
000d000o00000o0o0oOoOoOooOooooooDoOOO0ODOOoO0O0O00O0O0O0DO0OOOoOoOoO
0 00O (In the definition of time complexity, we estimate running time under the assumption
of “the worst case.” If we can assume that an input is given uniformly at random, define “the

average case time complexity” under the assumption.)



