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4. Undecidability and Diagonalization

4. Undecidable problem

The following problem cannot be solved by any Turing
machine:

The problem HALT (Problem of deciding halting)
input:a code <T x> of Turing machine T and an input x
output: T will terminates for the input x?
Yes: if T(x) terminates
No: otherwise.

Precisely, we can show that there is no Turing machine U’ that
computes the halting problem

...Proof is done by “diagonalization” essentially...
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4. Undecidability and Diagonalization

4. 1. A simple proof of undecidability

[A simple(?) proof]
By contradiction: Suppose that there is a Turing machine U that solves HALT.
— U can be simulated by the other Turing machines.

— We can design/construct the following Turing machine X:

prog X(input w: X*): =% What happens on
label LOOP; X(x)??
begin
if U (w, w) then LOOP: goto LOOP Program X can be
else halt(0) end-if encoded by a string x
end.
- N * The first w is the code of a
Program X(w) Turing machine W

* The second w is an input
string to the machine.

* terminates if W(w) does not terminate
* never stop if W(w) terminates

- J
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4. Undecidability and Diagonalization

4. 1. A simple proof of undecidability

[A simple proof]
By contradiction: Suppose that there is a Turing machine U that solves HALT.
— U can be simulated by the other Turing machines.
— We can design/construct the following Turing machine X:

Program X(w) What happens on X(x)??

* never stop if W(w) terminates

Case 1: Assume X(x) terminates.
By the design of the program, X(x) does not terminate.
- It contradicts the assumption!

Logically, it may be
true, but...??

Case 2: Assume X(x) does not terminate. . e
Diagonalization is

By the design of the program, X(x) does terminate.
- It contradicts the assumption!

hidden here.
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4. Undecidability and Diagonalization

4. 2. Diagonalization

“Diagonalization” was introduced by Georg Cantor in 1873.
He concerned with the problem of measuring the size of infinite sets.

Definition:
The “size” of an infinite set is called “cardinality” of the set.

Natural(?) question:
Any pair of infinite sets have the same “cardinality”?
How can we compare them?
... design a one-to-one mapping!

Ex. 1. The following sets have the same cardinality:
Natural numbers (0,1,2,...), integers (..., -2,-1,0,1,2,...),
even numbers (0,2,4,...), primes (2,3,5,7,11,13,...),
rational numbers, Turing machines (= computable functions), ...
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4. Undecidability and Diagonalization

4. 2. Diagonalization

Definition:
A set is countable if it is finite or it has the same cardinality of natural numbers.
(In other words, countable set can be enumerated as “1st” “2nd” .

Ex. 1.1. . e The ith even number is 2i
Even numbers are countable by
the one-to-one mapping 0 |1 ]2 |3 |4
0 2 4 6 8
Ex. 1.2. The ith prime

Observation:
Any subset of a

the one-to-one mapping:

Primes are countable by munn
2 3 5 7 11

countable set is also
countable
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4. Undecidability and Diagonalization

Exercise 2: Why we do not
use the ordinary
lexicographical ordering?

4. 2. Diagonalization

Definition:
A set is countable if it is finite or it has the same cardinality of natural numbers.

Ex. 1.3". Observation:
The set of 0/1 strings is countable by the lex. ordering: Any subset of a

e, 0,1,00,01, 10, 11, 000, 001, 010, 011, 100, ... countable set is also
countable

Ex. 1.3.
Turing machines (and corresponding functions) are countable
because each machine can be represented by a binary string.
(In other words, they can be enumerated as 7, T, T,,...)

Natural question: Is there any uncountable set??
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4. Undecidability and Diagonalization

4. 2. Diagonalization

Theorem:
The set R of real numbers is not countable.

[Proof by diagonalization]
Assume that P is countable; i.e., they are enumerated as R={ R, Ry, R,, R3, ... }

Each R;isinthe formof R;=...r, ) ri3s r)' 1y rio- 11 rals- indecimal,
We define a number X = 0. x; x, X5 ... by Ex
x;=3if r,;=1,2,4,5,6,7,8,9,or 0 R, = 123.456...
x;=1if r;;=3 R, = 0.131313..
R, = 555.5555555...
Then Xis a real number, so it will appear as X=R; for somei. R,= 3.141592...

But x;is... 3? or 1?... we cannot decide it,
which is a contradiction! X=0.3133._

Therefore P is not countable!!
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4. Undecidability and Diagonalization

4. 3. Proof of undecidability via Diagonalization
[Theorem] The problem HALT is undecidable.

[Proof by diagonalization]
Let ®@ be a set of all computable functions (with one argument) .
Each element in ® corresponds to a Turing machine, that can be represented
in a binary string in X*.
Thus we can enumerate all corresponding binary strings as
by, b,, ..., b, ..
in the lexicographical order.
Thus, we can also enumerate all the functions in ®:

fufor s fir o

In other words, the set @ is countable!
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4. Undecidability and Diagonalization

4. 3. Proof of undecidability via Diagonalization
[Theorem] The problem HALT is undecidable.

[Proof by diagonalization]
Let ®@ be a set of all computable functions (with one argument) .
All the functions in ®@ is enumerable as f,, f,, ..., fi, ---
with corresponding strings by, b,, ..., b, ...
For the strings and functions, we consider the table of f(b;) as follows;

b, b, by ... b, b, b, by .. b,
fl1 €00 o0 fill €00 O
£Ll0 L1 e 10 01 ¢
f3 0 11 0 11 From the table, f3 0 11 L 11

we design a new function

frle €1 0 The value of f{(b))
1 means “loop”
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4. Undecidability and Diagonalization

4. 3. Proof of undecidability via Diagonalization

[Theorem] The problem HALT is undecid” Then, g is a function.
If g is in @, it will appears as f; for some i.

[Proof by diagonalization] But f,(b,) is not defined properly.
Let @ be a set of all computable functi{ Thys gis not in @.

All the functions in @ is enumerable as That s, g is not computable!!
with corresponding strings by, b,, ..., | This function g is exactly the same as the
For the strings and functions, we consit. function computed by the program X!!

b, b, by ... b, b, b, by ... b,
f1 1 ¢ 00 0 From the table, fl 1 € 00 0
fz 0 | 1 € we design a new function g fz 0 0 1 e
0 11 0 11 fl 0 11 L 11
Js 0if f(b)=L ’
......................... b )= | :
......................... WOI T | iepoge ) I
fole €1 0 fole €1 1
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[Proof by diagonalization (continued)]

If HALT is computable, we can compute the function g(x), as in
the same manner of the program X. However, g(x) is not computable.
Therefore, HALT is not computable. Q.E.D.

[ Our conclusion: The problem HALT is not computable. ]

o
@)

—

The number of functions is “greater” than

the number of computable functions.
)\ ‘/L

Diagonalization
Given a set G of functions, construct a function g
which does not belong to G.
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