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Computational Complexity

e Goal 2:

— How can you show “Difficulty of Problem”

* There are intractable problems even if they are
computable!
— because they require too Many resources (time/space)!
 Technical terms;
The class NP, P#NP conjecture, NP-hardness, reduction




ETEENDHE

[T1L
|

N

d—)L2:
- REDRHS |ZTRT AEZES

« STERRELRIRETHHTH. FICHAZLLIGEDHS !
— HEIZHELER (FMHE-fER) N2 TEF5HLEE
- B EIHEMALE;

5 ANP, PzNPF 18, NPEREE 4, 12T




5. Computational Complexity

e Observation of the classes

Definition: Class P
SetLisintheclass P <
There exists a poly-time computable predicate R such that
for each xO %, xO L < R(x)

Definition: Class NP
Set Lis in the class NP =

There exists a poly g and a poly-time computable predicate R such that
foreachxO %, xO L= 0O wO 2%: |w|O g(|x|)[R(x,w)]

Definition: Class coNP
Set L is in the class cONP =
There exists a poly g and a poly-time computable predicate R such that
foreachxO 2%, xO L= wO Z": |w|O g(]x|)[R(x,w)]
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6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Definition

Let A and B be arbitrary sets.

(1) function h: A—>B: polynomial-time reduction
" (a) his a total function from X* onto X*

| (b)Xe X*[xe A< h(X)e B]

_(c) h is polynomial-time computable.

(2) When there is a poly-time reduction from A to B,
we say A is polynomial-time reducible to B.
Then, we denote by Agrp; B

(...within polynomial time, hardness of A [1 that of B)
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6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem A< B leads to

(1)BOP>AD P

(2)B NP> AL NP.
(3) B co-NP = A [ coNP.
(4) B EXP-> AL EXP.

Note:class E is exceptional. Generally, BLl E = AU E is not true.

Ex.: When we define ONE={1}, for each set L in P we have
L <" ONE

if we define h(x) = 1, ifxUL _
0, otherwise
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(1)BUP—>A0 P

(2) B NP> AL NP
(3) B co-NP = A [J coNP.
(4) B0 EXP 2> A0 EXP.
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6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem A, B, C: arbitrary sets
(DA < A
QA< BAB<S C AL C

Definition
A= B« A<  BAB< A

P
m

1s an equivalence relation.
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6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem
(1) 2SAT < 3SAT < SAT <~ ExSAT
(2) 3SAT =_ SAT =" ExSAT

Proof
(1) we have some proofs depending on definition:
(a) each instance of 2SAT is also in 3SAT if the
definition is “at most 3 literals in a clause”.
(b) each clause (x[1 y) can be replaced by (x[1 yL y).
(c) each clause (x U y) can be replaced by
(xO yO )0 (xO yO 2).
In any case, they are poly-time reduction, and the original
formula is satisfiable iff so is the resulting formula.
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6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem
(1) 2SAT < 3SAT < SAT <~ ExSAT
(2) 3SAT =_ SAT =" ExSAT

Proof (Outline)
(2) It is sufficient to show that ExXSAT <~ 3SAT by (1).
Strategy:
For any given F in EXSAT, we construct another F”in 3SAT
such that F is satisfiable iff F’is satisfiable.
To do that, we first construct the computation tree of F,
and construct F’ that represents the computation process
of F.
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6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem (2) 3SAT =] SAT = ExSAT

Proof (Outline)

(2) It is sufficient to show that ExXSAT <~ 3SAT by (1).
Reduction from ExSAT to 3SAT by an example:

F (%%, %) =[[% < X ] =X AX]]v =X

(1) 1V =V —
/ 2V, =[V; -V, ]

IR BWV; =[% & X ]

Ko o
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F (%%, %) =[[% < X ] =X AX]]v =X
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Fa oV,
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6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem (2) 3SAT =] SAT = ExSAT
Reduction from ExSAT to 3SAT by an example:

F (%%, %) =[[X &% [ =X AX ]V =X

(1) —
” /\/\ (1)\/1 —V2 vV —|X3
o vy EV V]
AN
B2 W A BV, =[x < X ]

\/ \ 4V, =X, A X

X3

F'(X,X,X%)=U AU, < U, v=Xx AU, < [U, -U,]]
/\[U3 H[Xl — Xz]]/\[U4 H[XQ /\X3]]
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6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem (2) 3SAT =] SAT = ExSAT

Reduction from ExSAT to 3SAT by an example:
F'(X,%,%)=U AU, < [U, v—X]IA[U, < [U, =U,]]
AU o [X o XA U, X AX]]

Then, by constriction, F() is satisfiable iff F’() is satisfiable.
We show F”’() can be represented by an equivalent F’() in 3SAT.

U, < [U,v=x]=[-U,vU, v-x]A[U, v—HU, v—=X1]

= —|U1 \/U2 \/ﬁX3
= :—|U1 \/U2 \/—|X3:

=[=U, vU, v—=X]

A\

A\

AN

:Ul \/[ﬁU2 /\XZ]]
U, v—=U, AU, v X ]

:Ul \/—|U2 \/—le]/\[Ul Vv X, \/Xz]

The other cases are similar, and F’() is in 3SAT.



6. Z IR\ REET R AT REIE D AR F
6.1. Z IR K= T Al HETE

TEIH (2) 3SAT =P SAT =P ExSAT

EXSAT HM5 3SAT ADEITTEHI TR

F'(X,%,%)=U AU, < [U, v—X]IA[U, < [U, =U,]]
[ H[X HX]]/\[U4H[X2/\X3]]

CDEZEAMG, F) IXFTRAIRE < F7()IXFE B AT EE
F'() ZNERMELLISATOE R F/() TRIRT 5.

U H[U \/—|X3] [—|U vU \/—|X3] [ \/—|[U2\/—|X2]]

Al 1\/[ﬁU2/\X2]]
— _—|U vU \/—|X3- /\:Ul V_luz]/\[ul \/XZ]
AN

= _—|U1 \/U2 \/ﬁX3_

=[=U, vU, v-xX]A[U,v=U,v=U, AU, v X Vv X]
D7 —RABLERICER TE, F() [F3SATOERELD.



6. Analysis on Polynomial-Time Computability

6.2. Completeness
6.2.1. Definition and basic properties

Definition

For a class C, if a set A satisfies

(a)0 LO C[LSh Al

the set A is called C-hard (under <;,).
Moreover, if we have

(b) ALl C,

then A is called C-complete.

Ex. Examples of NP-complete sets
3SAT, SAT, ExSAT, DHAM, KNAP, BIN, VC, etc.
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6. Analysis on Polynomial-Time Computability

6.2. Completeness
6.2.1. Definition and basic properties

Theorem. For any C-hard (or C-complete) set A,
(1)AOP>COP CP: CZ P > AZP

(2) AONP > CO NP CP: CZNP > AZ NP

(3) ALl coNP = CL[] coNP CP: Cz coNP > A€ coNP
(4) AL EXP > C [0 EXP CP: CZEXP > AZEXP

Proof: CP: contraposition
(1) Let B be any C-set. Then, since A is C-hard,

B <, A and by the assumption AL] P, we have B[ P
(2), (3), (4) are similar.
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6. Analysis on Polynomial-Time Computability

6.2. Completeness
6.2.1. Definition and basic properties

Theorem. For any C-hard (or C-complete) set A,
(1)AOP>COP CP: CZ P > A€P

(2) ADNP > C[ NP CP: CZNP > AZ NP

(3) ALl coNP = C[J coNP CP: Cz coNP > A€ coNP
(4) ALl EXP = C [ EXP CP: CZEXP > AZEXP

Ex. : Meaning of Theorem for class NP
Let A be NP-complete set.
By the contraposition of Theorem (1) we have
NPzP=> A& P
That is, NP-complete sets are NP-sets that cannot
be recognized in polynomial time unless P = NP.
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6. Analysis on Polynomial-Time Computability

6.2. Completeness
6.2.1. Definition and basic properties

4 ™
EXP

NP-complete problems
form the most difficult
problems in the class NP.

Ex. : Meaning of Theorem for class NP
Let A be NP-complete set.
By the contraposition of Theorem (1) we have
NPzP=> A& P
That is, NP-complete sets are NP-sets that cannot
be recognized in polynomial time unless P = NP.
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6. Analysis on Polynomial-Time Computability

6.2. Completeness
6.2.1. Definition and basic properties

Theorem 6.4. A: any C-complete set
For any set B we have
(1) A<’ B 2B is C-hard.
(2) A<, B and B[ C > Bis C-complete.

Proof: Once you have an
By definition, VLe C[L <}, A] NP-complete
By Theorem, L<? AAA<? B— L<” B | ProblemA,itcan

Therefore, vLe L <” B] be used to
measure to the

That is, B is C-hard. other problems
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Schedule(3%Y) M F 5E)

* 10/25(Today)
— Deadline of Report (L7R—F§EH])
« 10/30(Mon): Last class for former half (F]¥ & DEF)
— | will ask about the following choice for the exam.
— Office Hour: Follow up the report, and etc.
e 11/01(Wed): mid-term exam (A2 fE] 5 B&)
— 40 points
— Choices are;
« Anything without electricity (w/o cell/ipad/...) (BFT /31 ALLSMAITH)
« Textbooks, copy of slides, and hand written notes (ZFIE/X5A(K//—k)

« Copy of slides, and hand written notes (R 24 F//—k)
* Only pens and pencils (35 3AH T 1])




