[1216E Computational Complexity and Discrete Mathematics Report

2017, Term 2-1
Ryuhei Uehara(Room I67b, uehara@jaist.ac. jp)

Propose(O O): October 18 (Wed)

Deadline(0 0 00O ): October 25 (Wed), 12:30pm.

Note(O O ): Do not forget to write your name, student ID, problems, and answers on your report. (O
O0000o0000oo0oO0oooOoO0ooooooooon)

Answer two of the following problems. (0000000 200000000)

Problem 1 (5 points): For any given string x, we denote by lo(z) and oo(z) the indices of = in the
pseudo-lexicographical ordering with length preferred and the usual lexicographical ordering, re-
spectively. For example, we have lo(e) = oo(€) = 1010(0) = 00(0) = 20 lo(1) = 30and 00(00) = 3.
We also denote by n < oo when the number n is finite. Now, declare if each of the followings
is true or false. If it is false, show a counterexample. In the followings, x denotes a string and
n denotes a positive integer. 0000 00000000000 O0DOOO0ODODO 000000
lo(x)]000000000000 2000000 00o(z) 000000000000 lo(e) = oo(e) = 10
10(0) = 00(0) = 20 lo(1) =30 00(00) =3 000000000 n000000000 n< o000
000000oooooooooo0oooooooooo0o0oooooooooooogoooooo
000000000 00000,000000000

Ve In[ |z < oo — lo(z) <n] (1)
InVz | x| < oo —lo(x) <n ] (2)
Ve In] |z| < oo — oo(x) < n | (3)
InVz [ |z] < 0o — oo(z) < n | (4)
Problem 2 (5 points): Let X;, X5,... be the Turing machines, and x1, xs, ... are the corresponding

binary string. (That is, a string z; is the binary code of the Turing machine X;.) We denote the
output of X; with a binary input « by X,(z). For two strings = and y, their concatenation is
denoted by z -y (e.g., 000 - 111 = 000111). Let f be the function defined as follows:

Xi(z;)-1-X;(x;) if X; halts for the input z = z;
f(z) = .
0 otherwise

Prove that this function f is not computable. (X1, X>,... 0000000000000y, 2,...0
0000 200000000000 ;0000000000 X;020000000000000
00)X;020000 0000000000 X;(x)J0O0O0O0UOO0OO0OOOOOOOODOz0yOO
000000000 z-y0000O0O0O 000-111=000111000000000000 fOODOO

fa) {Xi(xi)-l-Xi(a;i) X;000z=200000000000
€T) =

0 gooog

0000 fO0000O000O0OOOOOODOO)



Problem 3 (5 points): The set N of natural numbers is enumerable. Now, prove that the set 2%V of
subsets of IV is not enumerable by diagonalization. D000 OO0 NOOOOOOOOOOONDO
0000000 22Y000000000000000000000000 (Hint: For S = {1,2,3},

we have 2° = {0, {1}, {2}, {3}, {1, 2}, {2,3},{1,3},{1,2,3}}.)

Problem 4 (5 points): In the slide of the second lecture, we prove the theorem that claims “The set
R of real numbers is not countable.” Now let replace every “real” by “rational”. Then it seems
that we prove the theorem that claims “The set R’ of rational numbers is not countable.” But, the
set of all rational numbers is countable. Point out where is wrong. 02000000000000
000dooob0 ROODODOODOOODOOODOOOOOOOOoOoooOODODOOO00ooooooo
0000000000000000000000 RRO0D0OD0O0O00000000000oOoogo
00000ooO0o00ooDoooooooooooooooooooom



