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Algorithm

=procedure to solve a problem correctly
* to find a correct solution for any input
* to terminate in all cases

* no ambiguity in its description

Program
= description of algorithms in computer languages
or simply a sequence of instructions

Algorithms based on sudden thought
. lack of knowledge of algorithm design schema

Algorithms without any consideration

: no analysis on behavior of algorithm

= equation to estimate computation time

best case, worst case
= equation to estimate storage required
- validation of correctness of algorithms
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PO BHICEZAONT-nADT—2D®&R/IMEZR D L.

0O 1.2 3 4 5 6 7 8 9
d 17]32(19|22|28|16|18|20|39 |31

7IL31) X LP0-A0:
min=9999;
for(1=0; I<n; 1++)
If( a[i] < min) min = aJi];
return min;

7—__9tt$§ O %ﬁ'{(in =18 E‘I’%:H%FEﬁ(iO(n)-

TARTOT—EFN9LUTLHL, ELLHE/IMEMNKRZES.
10000LL EDIENEENS L9999 H HEnb.
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Minimum Value

Problem PO: Find a minimum value among n data in an array.

0O 1.2 3 4 5 6 7 8 9
d 17]32(19|22|28|16|18|20|39 |31

Algorithm PO-AOQ:
min=9999;
for(1=0; I<n; i++)
If( a[i] <min) min = aJi];
return min;

number of comparisons is n. computation time is O(n).

If all data are at most 9999, then the minimum value is found

correctly, but 9999 is output otherwise. 2146



&/IME

PO BHICEZAONT-nADT—2D®&R/IMEZR D L.

0O 1.2 3 4 5 6 7 8 9
d 17]32(19|22|28|16|18|20|39 |31

7 ILT1) X LPO-AL:
min=a[0];
for( 1=1; i<n; i1++)
If( a[i] <min) min = aJi];
return min;

T—A L EEIEENn-1[E
=\ IEL(B—/MIEE?&)%)

TEEFEIXO().
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Minimum value

Problem PO: Find a minimum value among n data in an array.

0O 1.2 3 4 5 6 7 8 9
d 17]32(19|22|28|16|18|20|39 |31

Algorithm PO-Al:
min=a[0];
for( i=1; I<n; i++)
If( a[i] <min) min = aJi];
return min;

number of data comparisons is n-1. computation time is O(n).
Minimum value is always found correctly.
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Min(i) = a[0] - a[i]D&x/IME, EEET DL,
Min(0) = a[0];
Min(1) = min( Min(i-1), a[i]) for >0

NETOTSLICET E

}

FZILT) X LPO-A2:
Int Min(int 1){
If(1==0) return aJ0];
else if(a[i] < Min(i-1) ) return a[i];
else return Min(i-1);

main T cout << Min(n-1) &9 5.

aTERFE(E ?
Min(i-1)%&2

9 ERNEDY]

BRI ?

A

il

ELY
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Algorithms based on Recursion

Problem PO: Find a minimum value among n data in an array.

0 1.2 3 4 5 6 7 8 9
d 17(32(19|22|28|16|18|20|39|31
Define Min(i1) = minimum among a[0] - a[i], then
Min(0) = a[0];
Min(1) = min( Min(i-1), a[i]) for >0
Converting the above into a program:

Algorithm PO-A2:
Int Min(int 1){
1f(1==0) return aJ0];
else if(a[i] < Min(i-1) ) return a[i];
else return Min(i-1);

} -
main T cout << Min(n-1) &9 4. Analysis? 11/46

Computation time?
If Min(i-1) is called
twice, then it 1s not
efficient.




7ILa) X LP0-A2:

A FRERE: 7YX L
Int Min(int 1){ o s
if(i==0) return a[0]; ;EOb'?\;)%:%%L DfFz
else if(a[i] < Min(i-1) ) return a[i]; '

else return Min(i-1);

}
main T cout << Min(n-1) &9 5.

SHEBRZET(NERT &,
T(n)=2T(n-1)+c
ClXTE 24.
T(N)=2T(n-1)+c=2(2T(n-2)+c)+c=2?T(n-2)+(2+1)c
= 2™1T(n-(n-1))+(2"%+...+2+1)c = O(2")
EEY), FEHEFRIND > TLESRIRMELAH D

HERRE: 7I)L31) X LPO-A2HN BRI MM > TLESI LK
ANZEFRWIZEZ L.
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Algorithm P0O-A2: _
int Min(int 1){ Exercise: Implement the
if(i==0) return a[0]; algorlt_hm PO-A2 to see its
else if(a[i] < Min(i-1) ) return a[i]; | | 2€navior

else return Min(i-1);

}

main contains cout << Min(n-1).

If we denote the computation time by T(n), then we habe
T(n)=2T(n-1)+c
where c Is a constant.
T(N)=2T(n-1)+c=2(2T(n-2)+c)+c=2?T(n-2)+(2+1)c
= 2™1T(n-(n-1))+(2"%+...+2+1)c = O(2")
This suggest some possibility of exponential time.

Exercise: Give an input such that the algorithm PO-A2 requires
exponential time. 13746




TIL, ES57NIEFER

FICEIEZEEELTH

FfEl %

%

FCE=HM?

FOHSTENEIITEE.

Min(i-1)DIEZZERIEFZ THS.

7IJL31) X LP0O-A3:
Int Min(int 1){

minsf = Min(i-1);

else return minsf;

}

1f(1==0) return a[0];

if(afi] < minsf) return a[il;

main T cout << Min(n-1) &9 %.

ST E R DT
T(n) =T(n-1) + c.
L7=h¥>T, T(n) = O(n).

MIZLBIRMGETZILIO)XLIZEZZONSD?
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Then, how can we avoid exponential time?
The same function should be never called twice.
Store the value of Min(i-1) in a variable.

Algorithm P0-A3: Computation time
Int Min(int 1){ T(n) =T(n-1) +c.
1f(1==0) return a[0]; Thus, T(n) = O(n).
minsf = Min(i-1);

If(a[i] < minsf) return a[i];
else return minsf;

}

main contains cout << Min(n-1).

Any other recursive algorithm?
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/H BZzonf-BAzRIFEERFIC257EIL,
7 L3 X LPO-Ad: TNENTHRMIZR/NMEZRD
Int find_min(int i, int j){ "JoN22DHF/MED/NEWHZEZS.

If(i==)) return aJi];
Int x1 = find_min(i, (i1+))/2);
Int x2 = find_min((i+))/2+1, j);

If( X1 < x2) return x1; else return x2; [0,9]
main(){ [0,4] [5,9]
&)ut << find_min(0, n-1); /
[0,2] [3,4] [5,7] [8,9]

} ;N J1 /N L

B ol

wwepneg. F—atsy | ([01]] 2] |3 [56]1]|7| |8]|9

% R & / [\
0|1 5|16 16/46




Divide-and-Conquer
Algorithm P0-A4:
int find_min(int i, int j){

Divide an array into two halves, find
minimum values recursively, and output
the smaller one of the two.

If(1==)) return a[i];
Int X1 = find_min(i, (1+))/2);

Int x2 = find_min((i+))/2+1, J);

if( x1 < x2) return x1; else return x2; [0,9]

I -

main(){ [0,4] [5,9]

;:.(.)ut << find_min(0, n-1); /

[0,2] [3.4] [5.7]] [I8.9]

} [ N L/ \ L\
Exercise: Analyze the 011 |2 [3][4]|[5.6] 89
number of comparisons. ./ \. / \

0| |1
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BREPL: EEHIZEBZON-nEDT—2ZFNZTNIZDILT,
HRLUE(BDLEHOTODEZDHROERE/IMEZRD L.

0O 1.2 3 4 5 6 7 8 9
a 1732(19|22|28|16|18|20|39 |31

171171171717 |16|16 16|16 |16

7L X LP1-AO: e i -
Imin[0] = a[0]; FTARTHOEZRIZDULVTHEIREPO
for(i=1; i<n; i++) { 2% 957 ILTY X LZEER.
min=a[0];
for(J=1; j<=1; j++) =1 s ~ -
i afj] < min ) min = a[j]: n'ff(?i)laaﬂliﬁﬂbb\l‘
Imin[i] = min;
)
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Problem P1: For each datum from n data in an array find
the minimum value among those to its left (including itself).

o 12 3 4 5 6 7 8 9
d/ 17(32]19(22/28|16|18|20(39 |31
171717171716 |16 16|16 |16
Algorithm P1-AQ: Brute-Force algorithm:
Imin[0] = a[0]; Apply the algorithm for the
for(i=1; i<n; i++) { problem PO for each element.
min=a[0];

for(j=1; j<=i; j++)
if(a[j] <min) min =a[j];
Imin[i] = min;

}

Computation time is obviously
O(n?)
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DTR/IMEZRD K.

BREPL: EEHIZEBZON-nEDT—2ZFNZTNIZDILT,
HRXUE(BRLEOT) DEFRDC
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=

_/

Mminfi-1] a[i]

Imin[i] = min(Imin[i-1], a[i]) CHH_&IZEB T 5HE

7T X LP1-Al:
Imin[0] = a[0];
for( 1=1; I<n; 1++ ){
min=Imin[i-1];

Imin[i] = min;

}

if(a[i] < min) min = a[i];

aTE R
O(n)
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Problem P1: For each datum from n data in an array find
the minimum value among those to its left (including itself).

0 1 2

3

A

5 6 7 8 9

a 173219

22

28

16

1820|3931

17| 17| 17

17

17

16

16|16 |16 |16

\

Mmin

/
i-1] ali]

If we note that Imin[i] = min(Imin[i-1], a[i])

Algorithm P1-Al:
Imin[0] = a[0];

min=Imin[i-1];

Imin[i] = min;

}

for( 1=1; i<n; i1++ ){

if(a[i] < min) min = a[i];

Computation time is
O(n)
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BIREP2: nfA D T—2HEEHa[]ICEADNTINSLE,
X [p,q] (0=p<g<n) [ZH L TEED = (KFE=E)
a[q] - a[p] DEREKREZEKD K.

O 1 2 3 4 5 6 7 8 9
al|l17132]119/22|28|16|18|20|39 |31

alp] alq]
TARTORMZEHINZELT, mRKRORMEZFZRONIE KLY,

7 ILT1) X LP2-A0:
maxsf=0;
for( p=0; p<n-1; p++)
for(g=p+1; gq<n; q++)
If(a[q] - a[p] > maxsf) maxsf = a[q] - a[p],

5 )L—T DIEELD T, STERRIXOMN?)

N
1Tl
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Problem P2:When n data are stored in an array a[],
find the maximum value of an interval difference a[q]-a[p]

for an interval [p,q], where 0= p<g<n.

O 1 2 3 4 5 6 7 8 9
al|l17132]119/22|28|16|18|20|39 |31

a[p] alq]

Find the largest interval difference by enumerating all intervals.

Algorithm P2-A0:
maxsf=0;
for( p=0; p<n-1; p++)
for(g=p+1; q<n; q++)
If(a[q] - a[p] > maxsf) maxsf = a[q] - a[p];

Double loop structure ==> computation time is O(n?). s



PEADIEFZEZANB A TIL—TEZERILTHSE,

maxsf=0; 3-547 B TI&, a[0]~a[g-1]D
for( g=1; g<n; g++) R/IMEZRDHTLND.

—N- . o T, BIREP1D KLHIZ%kIZ
for(p=0; p<q; p++) B BRI TEASUETO
If(alq] - alp] > maxst) | g \ExOM)EERITRHDT

maxsf = a[q] - a[p]; BIHE, COEHEEIELTTEE.

A

7I)L3) X LP2-Al:
7 I3 X LsP1-A1lTa[0]~a[qg-1]®

B/MEZEImin[g-1]&LTROTHEL. BE'ﬂ)J 0)_X7‘-‘y7°(i0(n).
maxsf=0; ZYDETELO(n).
for( g=1; g<n; gq++) &2 T, £KRTHLO(n).

If(a[q] - Imin[g-1] > maxsf)
maxsf = a[q] - Imin[g-1];

RODESHIMIn[|ZEHT ICRICZEMTESLM?
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Reconstructing the program by exchanging the order of p and g

1: maxsf=0; The lines3-5 find the minimum value
2. for(g=1; gq<n; g++) o_f a[O_]'_va[_q—l]. Thus, this part can be
3 for(p=0; p<g; p++) iU value t 1 et foavalabl
4 If(alq] - a[p] > maxsf) as in Problem 1.
5! maxsf = a[q] - a[p];
Algorithm P2-Al.
Find the minimum value among
a[0]~a[g-1] as Imin[g-1] by the The first step takes O(n)
algorithm P1-Al. time. The computation of
maxsf=0; the remaining steps is also
for( q=1; g<n; g++) O(n). Thus, the total
if(a[q] - Imin[g-1] > maxsf) computation time is O(n).
maxsf = a[q] - Imin[g-1];

s it possible without any auxiliary array Imin[]? 25146



LI X LP1-Al:
Imin[0] = a[0];
for( g=1; q<n; g++)
min=Imin[qg-1];
If(a[g] < min) min = a[q];
Imin[q] = min;

}

maxsf=0;

for( g=1; g<n; q++)

NoZTHAEDHOEDIERDTIVTIX LZEFS.

7IL3OdY X LP2-A2:
maxsf=0;min=a[0];
for( g=1; q<n; g++ ){

If(a[g] - min > maxsf) maxsf = a[q] - min;

if(a[q] < min) min = a[q];
}

If(a[q] - Imin[g-1] > maxsf)
maxsf = a[q] - Imin[g-1];
AT E M
1EIL—TEHhB
O(n)
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Algorithm P1-Al: maxsf=0;
Imin[0] = a[0]; for( g=1; g<n; q++)
for( g=1; g<n; g++) if(a[q] - Imin[g-1] > maxsf)
min=Imin[qg-1]; maxsf = a[q] - Imin[g-1];

if(a[q] < min) min = a[q];
Imin[q] = min;

}

Combination of the two algorithm leads to the following algorithm.

Algorithm P2-A2:
maxsf=0;min=a[0];
for( g=1; g<n; g++ ){
If(a[g] - min > maxsf) maxsf = a[q] - min;
If(a[g] < min) min = a[q];
}

Computation time
Single loop
=> O(n)
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BIREP3 (R RKRXEIF) : nfADT—2MERFa[]IZBE AN TLNVS

&= XA [p.qllzxt9 5F0(

X R F0)sum(p, q)zr, TDRXRINDE

Fa[p]l~a[qDFEEERTS. CDEE, KEIFDRKEEZRD L.

0 1 2 3 4 5 6 7 8 9
a1l0]-9,-5(12|-3|10|-8|11|-8| -2
0 1 2 3 45 6 7 8 9 |4
010 1 4 8 515 7 18 10 8
1 -9-14 -2 -5 5 -3 8 0 -2
2 -5 7 414 617 9 7
0 3 12 9 19 1122 14 12
4 -3 7 -110 2 O
3 10 2 13 5 3
6 -8 3 -5 -7
I 11 3 1
3 -8 -10
9 _2 28/46




Problem P3(Largest Sum Interval) : Given n data in an array a[],
a sum interval sum(p,q) for an interval [p,q] is defined as the sum of
elements a[p]~a[qg]. Find a largest sum interval for a given array.

0 1 2 3 4 5 6 7 8 9
a1l0]-9,-5(12|-3|10|-8|11|-8| -2

0 1 2 3 4 5 6 7 8 9 |(
010 1 4 8 515 7 18 10 8
1 -9-14 -2 -5 5 -3 8 0 -2
2 -5 7 414 617 9 7
0 3 12 9 19 1122 14 12
4 -3 7 -110 2 O
3 10 213 5 3
6 -8 3 -5 -7
I 11 3 1
3 -8 -10
9 _2 29/46




BIREP3 (R RKRXEIF) : nfADT—2MERFa[]IZBE AN TLNVS

&= XA [p.qllzxt9 5F0(

X R F0)sum(p, q)zr, TDRXRINDE

Fa[p]l~a[qDFEEERTS. CDEE, KEIFDRKEEZRD L.

TARTORMIZOVNTHIGT HREFIZERDILILLL.
7 L3 X LP3-A0:
maxsum=0; ST ERFM
for(p=0; p<n; p++) 3EIL—TFE=H5
for(g=p; q<n; g++){ O(n3) B[
/I RFE[p,q] TD FlsumZ3K &5
sum=0;
for(i=p; iI<=q; 1++)

sum = sum + a[i];

If(sum > maxsum) maxsum = sum;

¥
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Problem P3(Largest Sum Interval) : Given n data in an array a[],
a sum interval sum(p,q) for an interval [p,q] is defined as the sum of
elements a[p]~a[qg]. Find a largest sum interval for a given array.

It can be computed by computing the interval sum for every interval.

Algorithm P3-A0:

maxsum=0;

for(p=0; p<n; p++)

for(g=p; q<n; g++){
// find the interval sum in an interval [p,q]
sum=0;
for(i=p; iI<=q; 1++)
sum = sum + a[i];

If(sum > maxsum) maxsum = sum;

¥

Computation time:
triple-loop=>
O(n3) time

31/46



=3 VAN Y

Zg;lozg;lp Ziq:pc =53 2;10 Zg;lp (g-p+1)c
= Zg;loc((1/2)n(n-l)-p(p-1))/2-(p-1)(n-p)C:O(n3)

(BR)

XEDEmpZEIELTEZRSHE,

BimqlE—2FT DA~KBET .

XEFIDEIITAIRDERA[qDHT=I1T.
—NIFO) R THEHT AT EE.
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Detailed analysis

23;1023;1;, i=pC = Z Zq =p (q-p+1)c
n-1
= Z|o:oC((1/2)l’1(lﬂ-1)-|0(|O-1))/2-(|0-1)(lﬂ-|0)c=0(l’13)

(Improvement)
If we fix the left endpoint p of an interval,
the right endpoint moves tot he right one by one.
The interval sum is affected only by the rightmost
element a[q].

This update is maintained in O(1) time.

33/46



RYIRLETETDERE

“HRT L

7 LT X LP3-Al:
maxsum=a][0];
for(p=0; p<n; p++){
sum=0;
for(g=p; q<n; g++)}{
sum = sum + a[q];
If( sum > maxsum)

}
}

return maxsum,;

Maxsum = sum,

2EI)IL—TDIEEIC
o= T, ATERKRBIE
O(n?)

LRI

MOFETCRILEFOMMNEELFESN TS,

Rl RLETH TDE

TR T DEDNRAWREND.
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Removing duplication in the iteration, we have

Algorithm P3-Al:
maxsum=a][0];
for(p=0; p<n; p++){
sum=0;
for(g=p; q<n; g++)}{
sum = sum + a[q];

If( sum > maxsum) maxsum = sum;
Y double-loop structure

=> O(n?) time

}

return maxsum,;

Redundancy :
The same interval is dealt with in the computation of sums more
than once. Thus, if we remove duplication in the iteration
then the efficiency Is improved. 35/46



2RIDEZAAICEDTILTUVX L

S[i] = a[0]~a[i]D#0, LEET HE, EfE[p,g]DFIE
sum(p,q) = sum(0,q) - sum(0,p-1) =S[q] - S[p-1]

ELTEHETES. LI=AHT, 9[0], S[1], ..., S[n-1]%

ROTHITIE, REZEDRKEEZKROSBELEELLLGS.

7ILT1) X LP3-A3:
S[0] = a[0];
for(i1=1; i<n; I++)
S[i] = S[i-1] + a[i];
maxsum=a[0]; minsf=a[0];
for(p=1; p<n; p++){
If(S[p] - minsf > maxsum) maxsum = S[p] - minsf;
If <mi Insf = '
} (S[p] < minsf) minsf = S[p]; e
O(n)

36/46

return maxsum,;




Algorithm based on completely different ideas

If we define S[i] = sum of a[0]~a]i], the interval sum for [p,q]
can be computed by
sum(p,q) = sum(0,q) - sum(0,p-1) =S[q] - S[p-1].
Thus, if we have S[0], S[1], ..., S[n-1] in advance then the problem
IS reduced to that of finding the largest interval difference.

Algorithm P3-A3:

S[0] = a[0]; .
for(i=1; i<n: i++) C_:omputatlon
S[i] = S[i-1] + a[i]; “mg o

maxsum=a[0]; minsf=a[0];

for(p=1; p<n; p++){
If(S[p] - minsf > maxsum) maxsum = S[p] - minsf;
If(S[p] < minsf) minsf = S[p];

return maxsum, 37/46




YEXABC AL THRIEED ?

IW—T DR TIEEHIS[)IZBEL TIES[IDIEL NS HEL TULVALY.
=>HMZEH TEET HHE(LIZL.
S[i]&kHDHI—T ERMBFRKIEERDHDIL—TEFLDD.

7ILT) X LP3-Ad:
maxsum=a[0]; minsf=a[0];sum=a][0];
for(p=1; p<n; p++){
sum = sum + a[p];
If(sum - minsf > maxsum) maxsum = sum - minsf;
If(sum < minsf) minsf = sum;
}

return maxsum,;

SRR L IZYO(N).
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Is it possible without auxiliary array?

In the loop we refer only SJi] in the array SI].

=>n0 need to maintain sums in an array
Combining the loop to find S[i] and that of finding the largest
sum interval, we have

Algorithm P3-A4:
maxsum=a[0]; minsf=a[0];sum=a][0];
for(p=1; p<n; p++){
sum = sum + a[p];
If(sum - minsf > maxsum) maxsum = sum - minsf;
If(sum < minsf) minsf = sum,;

}

return maxsum,;

Computation time is still O(n). 30/46



BIBFTERICE DT LT X L

BoFZEEMNLRICIRIZERANTLK.
A[i|EFRTZEE, [0,i-1]OERIZEF28ADREFIZEL,
ali|zBintET ARBDHTHOHRARBEFIZER[I]ET S.

—DEE,
. L[i-1] L[i-1]]=R[i-1]D&E,
L[i] = | RII-1] ZhLSNDEE.

o ali] R[i-1]+a[i]<a[i]D &=,
R[] = | R[i-1] + a[i] ZFNLHNDEE.

i R[]
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Algorithm based on dynamic programming

The array iIs checked from left to right.
Let L[i] be the largest sum interval in the interval [0, i-1] and

R[1] be the largest sum interval for interval with a[i] in its right end.
Then, we have

(L[] ifL[i-1]=R[i-1],
L[] = { R[i-1] otherwise.

_ a[i] if R[i-1]+a[i]<a[i],
R[il = { R[i-1] +a[i] otherwise.

R[i]
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- ( L[i-1] L[i-1]]=R[i-1]D&E,
LIi] = | RII-1] FhUsDEE.

o ali] R[i-1]+a[i]<a[i] &=,
R[] = | R[i-1] +a[i] ZFNLNDEE.

&ZIZL[N-1]ERN-1I]D KREWVAIFKIE.

7 ILI1) X LP3-A5:
L[0] = R[O] = a[O];
for(i=1; i<n; 1++){

If( L[1-1] >= R[i-1] ) L[i] = L[i-1]; else L[i] = R[i-1];

If( R[iI-1] + a[1] < a[i] ) R[1] = a[i]; else R[i] = R[i-1] + a[i];
}
If( L[n-1] > R[n-1] ) return L[n-1]; else return R[n-1];

AT EBFREIXO((N).
EXRADEHNZLG<TEIITELIMN? 42146




(L[] ifL[i-1]=R[i-1],
L[] = { R[i-1] otherwise.

_ a[i] if R[i-1]+a[i]<a[i],
R[il = { R[i-1] +a[i] otherwise.

Finally, we take the larger of L[n-1] and R[n-1] as the maximum.

Algorithm P3-A5:
L[0] = R[O] = a[0];
for(i=1; i<n; 1++){

If( L[i1-1] >= R[i-1] ) L[i] = L[i-1]; else L[i] = R[i-1];

If( R[1-1] + a[i] < a[i] ) R[1] = a]i]; else R[i] = R[i-1] + a]i];
}
If( L[n-1] > R[n-1] ) return L[n-1]; else return R[n-1];

Computation time is O(n).

Is it possible to do without any auxiliary array? 43146



L[I|DEIXL[i-1]1&ER[I-1]721T TR ES.
RIIIDEIXR[i-1], a[i]ZITTRES.
&2 T, EEAIZEFEIBHETZZLN.

7 IL31) X LP3-A6:
L =R =al0];
for(i=1; i<n; i++){
If(L>=R)L=L;elseL=R,;
If( R +a[i] <a[i] ) R=a]l]; else R =R + afi];
}

If( L > R) return L; else return R;
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L[1] is determined only by L[i-1] and R[i-1].
R[1] is determined only by R[i-1] and a[i].
Therefore, no auxiliary array Is required.

Algorithm P3-AG6:
L =R =al0];
for(i=1; i<n; i++){
If(L>=R)L=L;elseL=R,;
If(R+a[i] <afi] ) R=aJi]; else R =R + a]i];
)

If( L > R) return L; else return R;
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