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function DQ(x){
if fERE x D73 2/DE0Y then FRID FEZERALTEZRT;
[BIRE X 2 DO DE D EIRE X, Xy, .., X [S7E;
fori=1tok
y: = DQ(X.); /[ER 2 FEIRE x. DR y. ZHIFRIIZKD B
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Divide and Conquer
Decompose the problem into several subproblems, solve them
recursively, and then find a solution to the original problem by

combining the solutions to the subproblems.

Divide : Decompose the problem into several subproblems.
Conquer: Solve the subproblems recursively. If they are small

enough, we solve them directly.
Merge : Combine those solutions to have a solution to the problem.

Program is of the following form:
function DQ(x){
If problem x is small enough then apply an adhoc procedure;
decompose X into several subproblems X, X,, ..., X, ;
fori=1tok
y; = DQ(X;); //solve x; recursively;
combine the solutions y,, Y, ..., ¥, to obtain a solution y to the

original problem x and return y;
4144




EREP7  BESIICE AN =T —3DRKREZKDO L.

OEMATIITIXLIE, IBIZESIZERZRNT, LA
RFEOTWARKELYREVWERZE DTN ESZKEZE

HITHENSED. --->F7 )L X LP7-A0.

0O 1 2 3 4 5 6 7 8
a 1732(19|22 (28|16 |18|20 |39

7IL31) X LP7-AO0:
max=a[0];
for(i=1; i<n; i++)

If(a[i] > max) max = aJi];
cout << max;
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Problem P7:Find a largest value in an array.

In the most simple algorithm we check all the elements and if we
find a larger one than the largest one so far then we update the
largest value.--->algorithm P7-A0.

0O 1 2 3 4 5 6 7 8
a 1732(19|22 (28|16 |18|20 |39

Algorithm P7-A0:
max=a[0];
for(i=1; i<n; i1++)

If(a[i] > max) max = a[i];
cout << max;
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F7ILI) X LPT-AL:

Int FindMax(int left, int right){
If(right==left) return a[left];
Int mid = (left+right)/2;
Int X1 = FindMax(left, mid);
Int X2 = FindMax(mid+1, right);
If(x1>%2) return x1; else return x2;

H A ZAnDEFI THRKRIEE
KODDIZET HFFEZE
T(N)&ET HE,

T(1) =1.

T(n) =2T(n/2)+3.
—DEE TR E

T(n) = O(n).

HEME: Lo#EeXE
fEIT.

cout << FindMax(0, n-1);
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Finding Maximum based on Divide and Conquer
Divide : Decompose array array into two halves
Conquer: If the array size is 1, output the element.
Merge : Output the larger one of the two maximums.

Algorithm P7-Al:

Int FindMax(int left, int right){
If(right==left) return a[left];
Int mid = (left+right)/2;
Int X1 = FindMax(left, mid);
Int X2 = FindMax(mid+1, right);
If(x1>%2) return x1; else return x2;

cout << FindMax(0, n-1);

Let T(n) be time to find
a maximum among n data,
then we have

T(1) = 1.

T(n) =2T(n/2)+3.
Solving it, we have

T(n) = O(n).

Exercise: Solve the above
recurrence equation.
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FILT) X LPT-A2: . .
int FindMax(int left, int right){ A DS TRAEE

If(right==left) return a[left];

RKOBDIZET HEFMHZE

int x1 = FindMax(left, left); Ted Be,

int x2 = FindMax(left+1, right); T=1
, If(x1>x2) return x1; else return x2; :&%ﬁﬂé%&nﬁﬂ
main(){ T(n) = O(n).

cout << FindMax(0, n-1);
¥

HE A Lo#EeXE
AT

2FY, RREERD K4
BWNEIIZHEITNIE, ED

HEARETHIE, EHLLET
£312L THIEFTAALRL.
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Finding maximum based on divide and conquer
What happens if we decompose an array into one and remaining?

Algorithm P7-A2: _ _
int FindMax(int left, int right){ Let T(n) be time to find a
if(right==left) return a[left]; maximum among n data,
int x1 = FindMax(left, left); we have
int x2 = FindMax(left+1, right); T(1)=1.
if(x1>x2) return x1; else return x2; T(n) =T(1)+T(n-1)+2.

} Solving it, we have
main(){ T(n) = O(n).

cout << FindMax(0, n-1); Exercise: Solve t_he above
} recurrence equation.

That is, for a simple problem of finding a maximum, the efficiency

IS almost the same iIf we decompose an array two non-empty parts.
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1110,7] 22 P7-A1TOANIE|F

/\

[0,3] 214,71 21

AN

3/[0,1]| © [2 31110 131451116 17|[6,71|20

/5 8/9\ 1/ ‘15 18/ 19,

410,01 |1[2,211 112,21 | [[3,31|11[4,41||[5,5] | |[6,6] | | [7,7]
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Algorithm for finding a maximum
P7-Al:decompose an array Into two parts of the same length.
P7-A2:decompose an array into one and the remaining.

Both algorithms run in O(n) time.

Any difference between them?

1[10,71]%2 processing order in
P7-Al
03] 1 214,711 21
\
3/[0,1]| © [2 31110 131451116 17|[6,71|20
/s 8/9 1/ \us 18/ 19,
470,01 | 1,11 | | [2.21||13.31 | | [4.4] | | [5.5] | | [6.6] | | [7.7]
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/\
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P7-A1TOIE|IE

21

[4,5] |16

171 [6,7]

20

3 / 9\

14/ \1s 18,/ 19,

[0,0]

[1.1]

[2,2]

[3,3]

[4.4]

[5,5]

[6.6]

[7.7]

X [H][p,q]zc ALEE

Il :[3,3]DiZFEIZIE, [2,3],[0,3],[0,7]
=> KD ESIZxF I

g 5EE, TORYEZERELTHWLENDS.

LA DY A XEnE T 5EE, ROFESIE log, n
&2 T, BELEIEE(XO(log, n).
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1110,71 22 processing order In

/ \P? -Al

[0,3] 214,71 21

AN

3/[0,1]| © [2 31110 131451116 17|[6,71|20

/s 8/ 9\ 1/ ‘s 18/ 19,

410,01 |1[2,211 112,21 | [[3,31|11[4,41||[5,5] | |[6,6] | | [7,7]

To process an interval [p,q] we need to keep its back path.
Example:for [3,3] we remember [2,3],[0,3], and [0,7]
=>depth of a tree

When the size of an array is n, the depth of a tree is log, n.

Thus, the required storage is O(log, n).
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processing order in P7-A2

19

[4.7]

N

18

[4.4]

11

[5,7]

N

In this case the depth of

the tree is O(n).
Therefore, the required
storage is O(n).

17

12

[5.5]

13

[6.7]

14

[6.6]

N

[7.7]

15

16
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0O 1 2 3 4 5 6 7 8
a 1732(19|22 (28|16 |18|20 |39

17132119 | 22|28 16|18 | 20 | 39
17132 |19 22 | 28 16 | 18 20| 39
17119 | 32 22 | 28 16 | 18 20| 39

17119 22|28 | 32 16|18 | 20 | 39

16117118 |19|20 (22|28 |32 |39 17/44




Problem P8: (Mergesort)
Sort n data stored in an array.

We can sort data based on divide and conquer.
Divide : decompose the array into two halves.
Conquer: Sort each half recursively.

Merge : Merge two sorted lists into a sorted list.

0O 1 2 3 4 5 6 7 8
a 1732(19|22 (28|16 |18|20 |39
17132119 | 22|28 16|18 | 20 | 39
17132 |19 22 | 28 16 | 18 20| 39
17119 | 32 22 | 28 16 | 18 20| 39
17119 22|28 | 32 16|18 | 20 | 39
161718192022 |28 |32 |39
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ST E R DR
NnBEDT—2%&<Y—Y—bTY—LF HDICET HEFMH
(LLEREE) ZT(N)EELT EITT 5.
FrDYAXDEEZ2EEFENT, REIC2DDY—MIZE
N—UF M, I—UIR IR TTES M b cn EELE,
T(n) = 2T(n/2) + cn
2155, INZEREITIEELLY.
T(n) = 2T(n/2) + cn
= 2(2T(n/29)+c(n/2))+cn= 22T(n/2%)+2cn
22 (2T(n/23)+c(n/2?))+2¢cn= 23T(n/23)+3cn
.. = 2KT(n/2¥)+kcn
-CT 2k—n TQ)=F#d, &9 5&, k=log nf=M i,
T(n) = dn+cnlogn=0(nlogn)
i

1A NIA
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Analysis of Computation Time
Let T(n) be time (# of comparisons) for sorting n data by Mergesort.
We solve the half-sized problems twice and then sort two sorted
lists. Since merge operation is done in linear time, let it be cn.
Then, we have
T(n) = 2T(n/2) + cn,
Solving it,
T(n) = 2T(n/2) + cn
= 2(2T(n/2%)+c(n/2))+cn= 22T(n/2%)+2cn
22 (2T(n/23)+c(n/2?%))+2cn= 23T(n/23)+3cn
.. = 2KT(n/2K)+ken.
If we assume 2k=n, T(1)=a constant d, then we have k=log n and
T(n) = dn +cnlogn=0(nlogn).

1A NIA
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BIREPY: (FRR{EZER)
BEIICEBZONT=-nBHOT—2DFREZTKRH L.

0O 1.2 3 4 5 6 7 8
a 17]32(19|22|28|16|18|20 |39

SIEIzHiR3E, 16,17,18,19.20,22.28.32.39
DT, BHR{EIL20.
NAMBELS, PRIEF2DOHS.

—fRIZIE, nBAOT—20HD k FEHICKEVWELDZKROHDHHERE.

7 L3 X LP9-A0:
n B DT —42%0(n log n)BEITY—Fk.
kBFBEBDOT—3%H A

CHOT7IIYXLTELLKEBHDERMNKED.
LA, O(n log n)DEFEMABET=AHDH ? 21/44



Problem P9: (Median finding)
Find a median of n data stored in an array.

0O 1.2 3 4 5 6 7 8
a 17]32(19|22|28|16|18|20 |39

Increasing order: 16,17,18,19,20,22,28,32,39
thus, the median is 20.
Note that I1s n IS even then there are two medians.

General problem is to find the k-th largest element among n data.

Algorithm P9-AO0:
Sort n data in O(n log n) time.
Output the k-th element.

This algorithm always finds the k-th largest element.
But, does it really need O(n log n) time? 22144
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l#:aEICEDIHE

ZILTY X LP9-AL:
N @D T—3FEF[]IZBZS.
—DNEHER X ZEYHIHEY, BHFIEIZFAXRT,
XUTDERDERSE, XLLEDEXRDODESLIZAIT5.
if k < |L| then
SELOFPTKEEHIZKREVWERYZTHIFHIIZKD 5.
else
ESE8SOHRTKILIFHIZCKEWERYZHIRRIIZTKHS.
vyt 9%,

0O 1 2 3 4 5 6 7 8
a 17|32(19|22 (28|16 |18|20 |39

1712011922 |18 |16 28132 |39
S =28 L =28
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Algorithm based on Divide and Conquer

Algorithm P9-Al:
Store n data in an array a[].
Choose an arbitrary element x and decompose n data into

a set S smaller or equal to x and a set L larger or equal to x.
If k = |L| then

recursively find the k-th largest element in the set L.
else

recursively find the (k-|L|)-th largest element in the set S.
Output y.

0O 1 2 3 4 5 6 7 8
a 17|32(19|22 (28|16 |18|20 |39

1712011922 |18 |16 28132 |39
S =28 L =28
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pA=AFN
int Find _k largest(int low, int high, int k)
{
int s=low, t=high, x=a[(s+t)/2];
while(s < t){
while(a[s]>x) s++;
while(a[t]<x) t--;
1T(s<t) swap(&a[s++], &a[t--]);
+
1If(k <= t+1) find _k largest(low, t, k);
else 1f(k >= s) find _k _largest(s,high, k-s);
else return Xx;
+
main()
{
cout << find _k largest(0,n-1,k);
+

25/44



An example of a program
int Find_k_largest(int low, int high, Int k)
{
int s=low, t=high, x=a[(st+t)/2];
while(s < t){
while(a[s]>x) s++;
while(a[t]<x) t--;
1T(s<t) swap(&a[s++], &a[t--]);
by
1If(k <= t+1) find_k largest(low, t, Kk);
else 1f(k >= s) find _k _largest(s,high, k-s);
else return Xx;

26/44



ST E R DT

REaDiZE, RESnORXEzZzRS1EN-1D2DDOXMEIZHE]
I5HEITHS. RENDRXEZNET 502 EGFFEZ
T(N)&ET HE,

T(n) =T(1)+T(n-1)+cn
EHD. INERECE,

T(n) = O(n?).

L EZZEC(nK)ET HE,

C(n,K)=n+1+(1/N) (o, C(N-t-1 K-t-1)+Z ., C(t+1,K))
ZDHEeXFEEL L,

C(n,k) = O(n)
EiRY, FHRIZIEREERB TR HLLEIEN TN D.

FEEE: 7LV L LEEDEHEXZTET.
e mied : LEL DL X T AR (T
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Analysis of Computation Time

Worst case: an interval of length n is decomposed into intervals of
lengths 1 and n-1. If we denote by T(n) time for processing an
Interval of length n, we have
T(n) =T(1)+T(n-1)+cn.
Solving it, we have
T(n) = O(n?).
If we denote the average number of comparisons by C(n,k),
C(n,k)=n+1+(1/n)(Xg~y., C(N-t-1 k-t-1)+Z_, ., 1 C(t+1,k)).
Solving this recurrence equation, we have
C(n,k) = O(n),
which implies that the average running time of the algorithm is O(n).

Exercise : Obtain the recurrence equation from the algorithm.

Exercise: Solve the above recurrence equation. .y
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REDGEICLEBERO7ILIVX L

7ILa1) X LP9-A2:

(ONMEDOT—2%F15@E9 D2DT IIL—TIZHZEIL, KT IL—T
ZEIZISEDT =D P RIEFKRDS.

QD EIZLTEHELNI=NISEDFRIEIZ, CDAEEZEIF
BIZEAL, FRIEOHREMERDS.

BInEDT—2ZE=MIZEELTH =
S=M&EY/NEWT—ENES,
L=MXYUREWNT—EDES,
E=MIZELWLWT—2DEES.

DKk = |LDEE, LORTKERIZKREGERZHIFAIC
KD

(5) k>|L|+|E|D &ZF, SO TK-|L|-E|FZBBICKESHLERZHIRHNIC
KD,

(6) LEELUSNDIEE, MOKDHEIETHS.
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Linear-time Algorithm in the worst case

Algorithm P9-A2:
(1)decompose n data into groups each containing at most 15 data
and find the median in each group.
(2)Find the median M of these n/15 medians obtained recursively.
(3)Decompose the n data with respect to M:
S =aset of data < M,
L = a set of data > M,
E = a set of data = M.
(4) If k = [L|, find the k-th largest element in L recursively.
(5) If k>|L|+|E[, find the (k-|L|-|E|)-th largest element in S
recursively.
(6) Otherwise, return M as a solution.

S E L
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B8

2MEDT—REHAX5DTIIL—TIZHEIL, PFRIEZKRDD
S ={12,56,43,22,31,25,57,75,45,33,39,85,37,44,19,28,18,23,92,73,77,28,64,35}
S ={12,56,43,2231)25,57,75(45,33,89)85,37,44,19,¢8)18,23,92,73,77,28,64,35}

thfL{iE ={31,45,39,28,35} HR{EDHFREM =35

35& Y KELY = {56,43,57,75,45,39,85,37,44,92,73,77,64} 13 B3 > 24/2
EHROPREFCDESIZHS.
CNEETREEHIZRKZVERZHRMIZTKO S
L = {66,43,57,75,45,39,85,37(44,92,73) 77,64}
g = {56,44,73}, P RIEDF REM =56
56&Y K=Y = {57,75,85,92,73,77,64} 7 &k >13/2
R2EBICKEVERIIZOESIZEL
BRYDEEDHT (12-7)FBICKEVERZRD S
S ={56,43,45,39,37,44} S5&FHIKEZLVEFH=39
EROPRE 39
=R
>39: 56,43,57,75,45,85,44,92,73,77,64,
39
<39: 12,22,31,25,33,37,19,28,18,23,28,35 20/44



Example: Decompose 24 data into groups of size 5 to find the median.
S = {12,56,43,22,31,25,57,75,45,33,39,85,37,44,19,28,18,23,92,73,77,28,64,35}

S = {12,56,43,22(31,25,57,75(45,33(39,85,37,44,19(29,18,23,92,73,77,28,64,35}
group medians ={31,45,39,28,35} the median of the mediansM = 35

data > 35 = {56,43,57,75,45,39,85,37,44,92,73,77,64} 13 elements > 24/2
The overall median must be in this set
Find the 12th largest element in this set recursively
S= {@,43,57,75,45,39,85,37@,92@77,64}
group medians = {56,44,73}, the median of the mediansM =56
data > 56 = {57,75,85,92,73,77,64} 7 elements > 13/2
The 12-th largest element cannot be in this set
Find the (12-7)-th largest element in the remaining set.
S = {56,43,45,39,37,44} 5-th largest lement= 39
The overall median is 39
In fact,
> 39: 56,43,57,75,45,85,44,92,73,77,64,
39
<39: 12,22,31,25,33,37,19,28,18,23,28,35 33/44



ST E R DT

I5SEDQT—2NDY—k: 420D LEE T+ 4
2K TIE, 42x(n/15) BD L&

MIZFRREDHRETHLHIH D,
MU ED R RIEZEL DY IIL—TE(n/15)25 IL—T
FN6DT IL—TTIXFE(8E) LI EAhRELLL.
&2 T, MU LD ERHILDE<ES (8/30)n = (4/15)n
DFY, MUTOERMEMULDERHEHSE < (11/15)nfE

MIZRET 5572 E(Zn[E D LLE AN A EE

UEXY,

T(n) = 42(n/15) + T(n/15) + n + T((11/15)n)
&2 T,
T(n) =19n.
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Analysis of Computation Time

Sort of 15 data: 42 comparisons suffice
In total, 42 %X (n/15) comparisons

M is the median of the group medians, and so
there are (n/15)/2 groups whose median are =M,
where 8 or more elements (more than half) are = M.
Thus, there are at least (8/30)n = (4/15)n data = M.
That is, there are at most (11/15)n elements =M and = M.

For the decomposition w.r.t. M, n comparisons are required.

From the above arguments, we have

T(n) = 42(n/15) + T(n/15) + n + T((11/15)n)
Hence,

T(n) =19n.

Exercise: Solve the above recurrence equation. 35/44




ETCHERLGY—IL . TARA—FE

1L

TR 4.1 (2 MEER (master theorem)) a> 1L b>12EHL L, f(n) Z2B4E

&35, Fl, T(n) FROFARIC L >THAOEBRIIMLTERIATVLI DL
35

T(n) =aT(n/b)+ f(n) .

ST, n/bik |n/b) ik [nfb] XBKTBLOLBINT 5. DL E, T(n) KH
ERIZRD &S RBRAE L.

1. H3EM e > 0L T f(n) = O(n'8 =) 251, T(n) = ('8 %) TH 5.
2. f(n)=0(n'""%9) 2 5IL, T(n) = O(n'%lgn) TH 3.

3. BBITBHEe>O0LMLT f(n)=Q(n'8t)THD, LrbHIERce<l L
TARERnIZHUT af(n/b) < cf(n) 2 51E, T(n) = O(f(n)) TH 3.




