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Developing Algorithms based on Dynamic Programming

Objects: optimization problems
problem of finding an optimal solution among those satisfying
given constraints.

Problem solving by dynamic programming

1. Characterize a structure of an optimal solution.

2. Define an optimal solution recursively.
(construct a solution using solutions to subproblems)

3. Compute a value of an optimal solution in a bottom-up manner
(in the way to fill in a table)

4. Construct an optimal solution using information obtained.
(not only finding a value of an optimal solution but also
constructing an optimal solution by following in the table)
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EREP20: nfEDELSL DM SKERYETHEE DHCHLF

NRIZkBE,

C(n, k) = C(n-1, k-1) + C(n-1, k), 0<k<n® &ZF,

C(n,0)=C(n,n)=1,

THHML, BELICRODTAT S L%[5.

int C(int n, int k){
1f(k==0 || k==n) return 1;
return C(n-1, k-1) + C(n-1, k);
;

ST E R DR

EDTOT S LEERERICETLT
HBE, MNMIYBRNMNEIEN
nNd.

FrRI DM D RE & ?

CnKZtETHDICET HRREIZT(nk)ET DHE,
T(n,k)=T(n-1,k-1)+T(n-1,K)BAYILD. £2T, T(nk)=C(n,k).

ST e B 2.
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Number of combinations

Problem P20: Calculate the number C(n, k) of combinations
to choose k 1items from n different items.

Using the formula,
C(n, k) = C(n-1, k-1) + C(n-1, k), 1f O<k<n,
C(n, 0) =C(n, n) = 1.

Therefore, we have the following program.

int C(int n, int k) { When you implement the program in
if(k==0 || k==n) return 1; practice, you will find that it takes much
return C(n-1, k-1) + C(n-1, k); time. Why does it take time?

;

Analysis of computation time:
Let T(n,k) be time to compute C(n,k). Then, we have
T(n,k)=T(n-1,k-1)+T(n-1,k). Thus, T(n,k)=C(n,k).

This 1s an exponential function. 6/40
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Let's analyze behavior of the program!

C(5,3)
T
C(4,2) C(4.,3)
C(3,1) \C(‘3,z) 73,2) C(3,3)
VAR / N\ \
C(2,0) C(2,1{A C2,1) C222) C@2,1) C2.2)
/ SO\

C(1,0) C(L,1) c(1,00 c@a,1) C(L,o) C(L1)

How 1s the function called
The function 1s called many times for the same value.
Example: C(3,2) is called twice.=»redundant

If we store the value C(n,k) as the (n,k) element of an array
when it is first computed, then the same value 1s never computed

twice. Basically, it suffices to fill in the table. 8140



Cnk)DREEDH KD !
N :C(n,k) = C(n-1,k-1) + C(n-1,k)

n-1{TEDENSI>TLINIK, FEIZCh,METE A FE

C(n,k)

&£oT, 2RO ERMHIL

O(n?)FFfHE]

D> ELoT, YTEMNSIEICEDH TULMFILEKL.
ol 112|314|5| [o|1]2]3]4]s| |o|t|2]3]4]s]|[ [of1|2 |3 |45

0|1 01 0|1 0|1

JENR! 1] 1)1 11

2| 1]2]1 2| 12]1 20121 2| 1]2]1

3 3[1]3[3]1 301(3]3]1 3011313 |1
4 v

4 4 41114641 411046 4 |1

5 5 5 s|1]5][10]10]5 |1
RKOFTERIITEHEFHRT

C(n-1Lk-1) C(n-1,k) FTEAIRE.
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Fill in the table C(n,k)!

Formula: C(n,k) = C(n-1,k-1) + C(n-1,k)

If the values 1n the (n-1)-st row are available, C(n,k) is easily

computed. =» Thus, we should fill in the table from the 1st row.

S

1

2

3

4

5

1

[GEE BT "

2

Nl Dh|lWIN|I—~|O

ol1]2]34ls|] lol1]2]3]4]5 ol1l2 [3 |45
01 01 01
111 11 111
211]2]1 201(2]1 201]2]1
XV RV
31113(3 1 301(3]3]1 311[3]3 |1
0 v
4 4147641 411046 4 |1
5 5 s11[5[10]10]5 |1

C(n-1,k-1) C(n-1,k)

C(n,k)

Each element of the table can be

computed in constant time.

Thus, the total time 15
O(n?).
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CEZENTOUSLIEITDEY:
int C(int n, 1t k){
C[O][0]=1;
for(1=1; 1<=n; 1++){
C[1][0]=1; C[[1][1]=1;

for(j=1; j<i; j++) e mE E8-1: R4ME A
C[i][j] = C[i-1][j-1] + C[i-1][j]; | | A2T. Clnk)AA—73—
b 2a—LEWVEL[E&HR T
return C[n][k]; A —/N\—TO—LEE&
J QGETREAEZZTEZATHK
RIGEHE2:

n!

C(nk) = (n_k); o CHBILEMDE, OB TEFH AIAE.

==L, COAETEEB#HOA —/\—OO—[TFE.
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C program 1s as follows:
int C(int n, 1t k){
C[O][0]=1;
for(i=1; 1<=n; 1++){
C[1][0]=1; C[[1][1]=1; Exercise E8-1: Consider an
for(j=1; j<1; j++) algorithm that computes
Cli][j] = C[i-1][3-1] + C[i-1][7]; | | C(n,k) based on the Naive
} idea such that 1t computes
return C[n][k]; C(n,k) correctly 1f C(n,k)
} itself does not overflow.
Naive Algorithm 2:
Using the formula C(n,k) = n! , 1t can be computed in O(n).

(n-k)! k!

Here, note that this algorithm may suffer from numerical overflow.
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FEEP21: RATERIND TR T YFHF)ERH L.
F(n) = F(n-1) + F(n-2), n>1MD&EE,
F(0)=F(1)=1.

4R FyFE
1,1,2,3,5,8, 13,21, 34, 55, 89, 144, 233, ...

S MEIRE ES-2: EIREP20LRIFRDEREZERE L.

IR
4R YFEEM)IE, BELLd=(1+V5)2=1.61803ZALVT,
F(n) = O(¢9")

ERY EMNTED.
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Computation of Fibonacci number

Problem P21: Compute the Fibonacci number F(n) defined by
F(n) =F(n-1) + F(n-2), 1fn>1,
F(0)=F(1)=1.

Fibonacci number:
1,1,2,3,5,8, 13, 21, 34, 55, 89, 144, 233, ...

Exercise E8-2:Have an argument similar to that in Problem P20.

Supplemental information:
Using the golden ration ¢ =(1+V5)/21.61803,
the Fibonacci number F(n) can be represented as

F(n) = O(¢").
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DXFIZH BT IR XNFI THREDEDZERKRD L.
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Longest Common Subsequence

Problem P22: Given two strings A and B of lengths n and m,
find the longest substring common to both of them.

Example: ForA=GAATTCAGTTAandB=GGATCGA,
the longest common substring 1s GATCA.
A= GAATTC AGTTA

B=GGA T CGA

Any substring A' of A 1s a substring of B if characters of A' appear
in the same order 1n the string B.
=> It can be determined in linear time.

Exercise E8-3: Write a program to determine whether the first
string of two 1nput strings 1s a substring of the second string in
linear time.
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A XFH DTN EIIZFEND, RLEVNWEBENXF

Nz RICHNT 5.

T E B D R AT -
REnDXFIHNDEH XFI I EET2MEYHS.
CDXFINXFIBLYRWNEEE, BBSMNIZXFS
BD &R X FFHTILAZ0N.

I THWEE, ZRENIZOMm)DEREA IS
&oT, 2R DOFTERMBIL, 02" mEFRMELS.

b [[1]]

ER{EIEaIgEM ?
ZIEXBEOT7ILTYXLITEET SN ?
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Algorithm P22-A0: (Brute-Force Algorithm)

For each substring A' of a string A, determine whether A' 1s a
substring of a string B, and finally output the longest common
substring.

Analysis of computation time:
 There are 2" different substrings of a string of length n.
- If this substring 1s longer than the string B, obviously it is not
a substring of B.
 Otherwise, each test takes O(m) time.
* Thus, the total time 1s O(2" m) time.

Is 1t possible to have faster algorithm?
Is there any polynomial-time algorithm?
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7ILT) X LP22-Al:
A=aa,..a,B=bb,...b

L[i,j] = aa,..a;&bb,... bDEHRFRIL BRI XFI D RS

TS

(0) i=0F = [Ej=0D &=, L[ij]=0.
(1) a;=b;> L[ij] = L[i-1,j-1]+1
(2) a#b;> L[i,j] = max{ L[ij-1], L[i-1, j]}

A=GAATTC AGTTA
B= GGATC GA
a,=bND&ET

LT=m>T, SELRL[L,ZIEIZEHTLMFIEELL!
FDH A X[In xmi=Hh 5, FTEEHEBHOMm)EFHE.

A=GAATTC AGTTA
B=GGATCG A
a#b,M L=
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Algorithm P22-A1l:

A=aa,..a,B=bb,...b
L[1,j] = the length of the longest substring common to a,a,...a. and
b;b,... b,

Observation:

(0) 1f 1=0 or j=0, L[1,j]=0.

(1) ai=bj9 L[1j]=L[1-1,5-1]+1

(2) aﬁﬁbj% L[1,j] = max{ L[1,-1], L[1-1, j]}

A=GAATTC AGTTA A=GAATTC AGTTA
B= GGATC GA B=GGATCG A
when a;,=b, when a;#b;

Therefore, 1t suffices to fill in the table L[1,j] in order.
Since the table size 1s n X m, 1t takes O(nm) time.
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return L[n][m];




Algorithm P22-A1l:
for(i=0; 1<=n; 1++)
L[1][0]=0;
for(j=0; j<=m; j++)
L[O][ j]=0;
for(i=1; 1<=n; 1++)
for(=1; j<=m; j++)
if( af1] == b[j]) L[1][j] = L[1-1][j-1
else L[1][j] = max{ L[1][j-1], L[i-1
return L[n][m];

]+1;

161 35

0 |1 (2 (3 |4 |5 |6 |7 [8 [9 |10 |u1 12
Example for the case 0 [0 jojojo jo jo o o jo 0o [0 |0
1 o o |t |t (v |x |1n |1 |1 |1 |1 1 1

A:XYXXZXYZXY al’ld 2 o (o |1 |1 (2 [2 |2 |2 [2 [2 |2 2 2
. 3 o o [1 [t |2 |2 |2 |3 [3 [3 |3 3 3
B_ZXZYYZXXYXXZ 4 0 [o |1t |1t |2 [2 |2 |3 |4 |4 |4 4 4
5 0o [t |1t 2 |2 [2 3 |3 |4 |4 |4 4 5

6 0 (1 |2 ]2 [2 |2 |3 |4 |4 |4 |5 5 5

A: X Y XXZXYZXY, 7 o [t |2 |2 [3 [3 [3 [4 |4 |5 |5 5 5
B:ZXZYYZXXYXXZ 8 0 |1 |2 |3 (3 [3 |4 |4 |4 [5 |5 5 6
9 0 |1 (2 (3 [3 [3 |4 |4 |[5 [5 |6 6 6

1 o [t |2 (3 [4 [4 |4 |5 |5 |6 |6 6 6

22440
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(1) a;=b;=2 L[i,j] = L[i-1,-1]+1
(1 1,j-DZEeiE

(2) a#b;> L[i,j] = max{ L[i,j-1], L[i-1, j]}
L[i,j-1]>L[i-1,j]]D&EE, (i, j-1)ZEC1E,
ZFITHWEE, (i-1, H)ZEE
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Construction of an optimal solution

The value of an optimal solution 1s obtained by filling in the table.
How can we construct an optimal solution achieving the value?

In the problem of finding the longest common substring, we want
to find not only the length (value of an optimal solution) but also
the longest such substring (optimal solution) itself.

When we fill in the table, we memorize which table element
determined L[1][j].

(1) a;=b;=2 L[i,j] = L[i-1,-1]+1
(i-1, j-1) 1s memorized

(2) a#b;~> L[i,j] = max{ L[i,j-1], L[i-1, j]}
if L[1,)-1]>L[1-1,] then (1, j-1) 1s memorized, and
otherwise, (1-1, J) 1s memorized.
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B TOT5 4

for(i=1; i<n; 1++)
for(j=1; j<m; j++){

if( Afi] == B[J] ){
L[i][j] = L[1-1][-1] + 1;
BI[i][j] = 1-1; B2[1][j] =
} else {
L[1][j] = max2(L[1][j-1], L[i-1][3]);
if( Li][j-1]> L[1-1][] ){
[][1]=L[][1 1];
B1[i][j]= B1[1][j-1]; B2[1][j] = B2[1][j-1];
}else {
L[i][j]=L{-110];
} B1[i][j]= B1[i-1][3]; B2[1][j] = B2[i-1][j];
h

SEEUIE ES4: EERICTAT S LEZEF>TEIEE
FEEHE L.
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Concrete program

for(i=1; i<n; 1++)
for(j=1; j<m; j++){

if( Af1] =

L[]
Bl[i]
} else

d
L[]
1f( L[1

[ |
BI[i
} else

L[i]

B1[i

1=

il
|
1

|
U
|

1

d
U
]

U-

]
U

=B[]){
L[i-1][}- 1]+1
=i-1; B2[i][j] =
max2(L[1][j-1], L[1-1][3]);
17> L[i-1][] )){
= L[1][J-1];
1= BI[1][j-1]; B2[1][j] = B2[1][-1];
= L[1-1][3];
1= BI[i-1][j]; B2[1][j] = B2[i-1][j];

]
U

Exercise E8-4: Write a program 1n practice to see
its behavior.
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A=XYXXZXYZXY, B=ZXZYYZXXYXXZDiFE&

Ny LSy RADORE

1

2

3

4

D

6

7

8

9

10

11

12

(0,0)

(0,1)

(0,1

(0,1)

(0,1)

(0,1)

(0,6)

(0,7)

0,7)

(0,9

(0,10)

(0,10)

(0,0)

(0,1)

0,1

(1,3)

(1,4)

(1,4)

(1.4)

(1,4)

(1,8)

(1,8)

(1,8)

(1,8)

(0,0)

(2,1)

(0,1

(1,3)

(1,4)

(1,4)

(2,6)

(2,7

(2.7)

(2,9)

(2,10)

(2,10)

(0,0)

(8,1)

(0,1

(1,3)

(1,4)

(1,4)

(3,6)

(8,7)

(3,7)

(3,9

(3,10)

(3,10)

(4,0)

(8,1)

(4,2)

(1,3)

(1,4)

(4,5)

(3,6)

(8,7)

(8,7)

(3,9

(8,10)

(4,11)

(4,0)

(5,1)

(4,2)

(1,3)

(1,4)

(4,5)

(5.6)

(5,7)

(3,7)

(5,9)

(5.10)

(4,11)

(5,1)

(4,2)

(6,3)

(6,4)

(4,5)

(5.6)

(5,7)

(6,8)

(5,9)

(5,10)

(4,11)

(7,0)

(5,1)

(7,2)

(6,3)

(6,4)

(7.5)

(5.6)

(5,7)

(6,8)

(5,9)

(5.10)

(7,11)

(7,0)

(8,1)

(7,2)

(6,3)

(6,4)

(7.5)

(8.6)

(8,7)

(6,8)

(8,9)

(8,10)

(7,11)

(7,0)

(8,1)

(7,2)

(9,3)

9,4)

(7,5)

(8,6)

(8,7

9,8)

(8,9)

(8,10)

(7,11)

1
2
3
4
5
6
7 (4,0)
8
9
0
L

10][12]hvo# 2l 5 &

L[10][12] >L[7][11]>L[5][10]>L[3][9]>L[2][7]>L[1][4]~>
a[8]b[12] a[6]b[11] a[4]b[10] a[3]b[8] a[2]b[5]

@i( E/\LH \X$§I“j:

123456789A 123456 189ABC

XYXXZXYZXY  ZXZYYZXXYXXZ

L[O][1]
a[1]b[2]

XYXXXZ

27/40



For the case: A=XYXXZXYZXY, B=/XZYYZXXYXXZ
Table for backtrack

1

2

3

4

3}

6

7

8

9

10

11

12

(0,0)

(0,1)

(0,1)

(0,1)

(0,1)

(0,1)

(0,6)

0,7)

0,7

(0,9

(0,10)

(0,10)

(0,0)

(0,1)

(0,1)

(1,3)

(1,4)

(1,4)

(1,4)

(1,4)

(1,8)

(1,8

(1,8

(1,8)

(0,0)

(2,1)

(0,1)

(1,3)

(1,4)

(1,4)

(2,6)

(2,7

(2,7)

(2,9)

(2,10)

(2,10)

(0,0)

(8,1

(0,1)

(1,3)

(1,4)

(1,4)

(8,6)

(8,7

(8,7

(8,9

(3,10)

(3,10)

(4,0)

(8,1

(4,2)

(1,3)

(1,4)

(4,5)

(3,6)

(8,7

(8,7

(3,9

(3,10)

(4,11)

(4,0)

(5,1)

(4,2)

(1,3)

(1,4)

(4,5)

(5,6)

(5,7

(8,7

(5,9

(5,10)

(4,11)

(4,0)

(5,1)

(4,2)

(6,3)

(6,4)

(4,5)

(5,6)

(5,7

(6,8)

(5,9

(5,10)

(4,11)

030 Otix WODN

(7,0)

(5,1)

(7.2)

(6,3)

(6,4)

(7,5)

(5,6)

(5,7

(6,8)

(5,9

(5,10)

(7,11)

(7,0)

Ne)

(8,1)

(7.2)

(6,3)

(6,4)

(7,5)

(8,6)

(8,7

(6,8)

(8,9

(8,10)

(7,11)

10 (7,0)

(8,1)

(7,2)

(9,3)

9,4)

(7,5)

(8,6)

(8,7)

9,8)

(8,9)

(8,10)

(7,11)

If we trace the table from L[10][12]
0][12] =L[7][11]=>L[5][10]=>L[3][9]=>L[2][7]=>L[1][4]~>
a[81b[12] a[6]b[11]

L[1

a[4]b[10]

1n reverse order,

Thus, the longest common substring 1s

123456789A

123456 789ABC
XYXXZXYZXY  ZXZYYZXXYXXZ

XYXXXZ

LIO][
a[3]b[8] a[2]b[5] a[l

1]
1b[2]
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GIREP23: (RE=AR5HE)
MZARNERDRINELTEZoNT=EE, 2DDTERDMEIC
a5 IKCEIZKYZATEORNBE=ZARIZRENTLHEMNT
=AM, RORIDBIMEZHR/DNNTE2=ARLENERH L.




Problem P23: (Optimal triangulation)

Given a convex polygon as a vertex sequence, we can partition its
interior into triangles by drawing chords between two vertices.
Find a triangulation so that the total sum of lengths of chords is

minimized.

Vo

Vi




REROEBEZTHE DT, EROEZHRIRNICERT 5.

hZBAWEP(vV,, Vi, V), Vs, vy, VD FIIZTER D R F| TR

[ERvV I[CDOWTEZSE,
r—2X1 v WL RIDTERVIZL T TEHESIL.
r—R2:v [ D MBELIEAELN.

Vo

Vi

Pl

\D)

P2

V3

Vs

Vyq

SREMEREEY-1: 55— R2MD EE,
Y mEDIERAMNRTHEEN
HZ L7 EEBHE K.

R 1ARSIKCEICL>TELDTA A ZATIELIIYLTHY,
ERBInRKEEZND, IXTOIRDTZAKIC OV THERR
ZROTHEITFE, TOFEDORERZNFONSD.
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Characterize structure of an optimal solution and define the value
of an optimal solution recursively.

Represent a convex polygon as a vertex sequence like
P(v,, vy, V5, V3, V4, V5). Considering a vertex v,
Case 1:draw a chord from v, to another vertex v;.
Case 2: there 1s no chord incident to v,.

Vo

Vi

P P2

\D)
V3

Exercise E9-1: Prove that two
Vs adjacent must be connected by
a chord 1n Case 2.
Vyq

When we draw a chord, two resulting subpolygons are convex.
Since 1t has less than n vertices, 1if we have all optimal solutions
for all subproblems, then we can obtain an optimal solution.
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ARz DET LA IXTEYH S5 7

A, ..., v, )R BT HEAH()BYHEHET S.
=1 v IBRIDTERVICD [T TRZESIL.

B ELTIE(v,v,), (VgoV3)s oo » (Vo V) IYB ZBINLD.

5% (Vo V) =38 (vo,v,,v,) + (n-DARZ (v, Ve, ViasesV, )

5% (V,V3) 4B (v,V 1V, ,v3) + (0-2) RS (Vi V3, ViV )

5K (Vo V) ST (v, v,V V3, vy) T (0-3) B TE(V, V4o Vissees Vi)

(Voo V)= (0-D) ARG (v, V1, V55,V 0) + 3ARE(V,V, 0.V, 1)
r—R2:v |2 DM BFRIEAELD.

4(V Vo) =3B (Vv v, ) + (-DAE (Vo500 )
FCL=ARSEINELIINSGLTERADLE

f(n) = 3f(n-1) + 2f(n-2) + 2f(n-3) + === + 2f(4) + 3f(3)

f(3) = 1.
g(n)=2g(n-1), g(3)=17E b gn)=2"3f M5, fin)HI5EHBEEIEL.

OS5, CDHETIXZIRAFFE TIEIEEF/EL !
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How many different triangulations of a convex polygon?

Suppose that there are f(n) ways to triangulate a convex polygon

(Vo -+ 5> Vi1)-

Case 1: Draw a chord from v to v,.
possible chords are (v,v,), (Vy,V3), ... » (Vg,V,10)-
(vy,V,)=>triangle (vy,v,,v,) + (n-1)-gon(vy,v,,vs,...,V, 1)
(Vo,V3)=>quadrangle(vy,v,,v, ,v3) + (n-2)-gon(vy,v3,Vy,...,V, 1)
(Vo,V4)=>pentagon(vy,vy,v, ,V3,Vy) + (1-3)-20n(V,Vy,Vs,...,Vyp)

(VODVn-z):>(n'1)'g0n(VO>V19V29"'9Vn-2) T triangle(vo,vn_z,vn_l)
Case 2: there 1s no chord incident to v,.

(v,,v,.)=>triangle (vi,v,v,.) T (n-1)-gon(v,v,,v3,...,V,, 1)
Considering duplicate appearance of triangles,

f(n) = 3f(n-1) + 2f(n-2) + 2f(n-3) + === + 2f(4) + 3f(3)

f(3) = 1.
g(n)=2g(n-1), g(3)=1 then g(n)=2"3, thus f(n) is also exponential.

That is, this method does not lead to polynomial-time algorithm.



MO ETHRNICHERERT D.

MZBAERLP(V,, V|, Vy, Vi, Vy, Vo) DIB(v,, v)IZBT ENHD
ZABICEFNGITNIEGLED. ZOLIG=AFIE

(V09 VI’ VS):(Voa V29 VS),(VO, V3, VS),(VO, V4, VS)O) H G)_O

Vo
Vi Vs Eﬁﬂz(voa V3, VS)Oji%é’
HYDERS IF2 DD E ARSI
REISIND.

Vyq
Va
V3

— %12, B APV, ..., v, )EB(v, v, VBT =AR

Vg, Vi, V, NZEKDTHENT B E,

B ARPV,,V), ..., VOERIZ APV, Vi, oo Vo DI DIND.
X, [0,n-11EWLSREREZE[0,k]E[kn-1]I273 BT D EITXT .
£2T, REIDLEHIFEHRREDEL, Om?)@EYLHELY !
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Recursive representation of a solution in a different way

The edge (v, v;) of the convex polygon P(v,, v, vy, V3, v, V)
must be included 1n at least one triangle. Such a triangle 1s one
of (Vy, Vi, V5),(Vgs Vo, V5),(Ves V3, Vs), and (v, vy, Vs).

Vo

Vi vs  For the triangle (v,, v;, vs), the
remaining part 1s partitioned into
two convex polygons.

Vyq
Va
V3
In general, when we partition the polygon P(v, ..., v, ;) by a triangle
containing the edge (v,, v,_,), we have two convex polygons:
P(v,,vy, ..., vi) and P(v\,v, ., ..., v,.;). This corresponds to a partition
of an interval [0,n-1] into [0,k] and [k,n-1]. Thus, the number of

different partitions is that of different intervals, that is, O(n?). s



[0,3]

[03]] | A0,3,5)| |[3.5]
A(0,1,3) ][ [1,3] A(3.4,5)
A(1,2,3)
[0,5]
[0,4] | | A0,4,5)

[1,4]] |A(0,1,4)

[1,3]

A(1,3,4)

A(1,2,3)

37/38



[0,3]

[03]] | A0,3,5)| |[3.5]
A(0,1,3) | |11,3] A(3.4,5)
A(1,2,3)
[0,5]
[0,4] | | A0,4,5)

[1,4]] |A(0,1,4)

[1,3]

A(1,3,4)

A(1,2,3)
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[0,n-1]DER 5

Dl

J

X [LjllcxIisd 52 B8R0 R

MEARP(V, Vi, o V)T
=AW, v, V),
hZ AT,V ..o V)
Z AR (VioVicrs - V)
252l
==L, k=i+1D &EEk=j- 1D EEF T
ZABEERYDZATZD2DIZ7F.

L[i,j1=TERSI (Vv ..o VISEDTEFDENT ZE AR DRNERIC
EENDSZDESDE.

wlij] = JERvEIARVZEIRSKD KRS

Eg 58, b IE

L[1,j] = min{ L[i+1j]+w[i+1,],

min{ L[Lk]+L[kj+w[Lk]+w[kj] | k=1+2, ..., J-2},
L[1,j-1]+w[1,)-1]} 39/38



Partition of a polygon corresponding to a subinterval [i,j] of [0,n-1]

Partition a convex polygon
P(V;,Visp5 -, V;) INtO
a triangle (v, v, Vj),
a convex polygon(v,v.,, ..., v,) and
a convex polygon(v,,v, 1, ..., Vj),
if k>1+1 and k<j-1, and
a triangle and a convex polygon
if k=1+1 or k=j-1.

Vit

Vi

L[1,j] = the sum of lengths of chords contained in the interior of the
subpolygon determined by vertex sequence (v,vq, ..., V).
w[1,)] = the length of the chord between vertices v; and v,
Then, we have the following recurrence equation:
L[1,j] = min{ L[i+1j]+w[i+1,],
min{ L[1,k]+L[k,j]+w[i,k]+w[k,j] | k=112, ..., j-2},
L[i,j-1]+w[i,j-1]}
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7 LT X LP23-A0:
BRORSODBINZHR/NMNITE=AFNE
/-\jj . ﬂ'l gﬁ H'ZP(VO,VD o0 Vn-l)
HA mEE=AEAEIZHE THRDRSDEF
for(1=0; 1<n; 1++)
for(j=1+2; j<n; j++){
wlij] = JERvETAERVERSKDERS;
L[1,j]=0:}
for(d=3; d<n; d++)
for(1=0; 1<n; 1++)
for(j=1+d; j<n; j++){
msf = min( L[i+1,j]+w[i+1,j], L[1,j-1]+wW[1]j-1]);
for(k=1+2; k<=3-2; k++)
if( L[1Lk]+L[kj]+w[i,k]+w][k,]] < msf)
mst = L[i,k]+L[k,j]+w[i,k]+w[k,j];
h

return L|O,n-1];
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Algorithm P23-A0:
Triangulation to minimize the sum of lengths of chords
Input: convex polygon P(vy,vy, ..., v, ;)
Output: the sum of lengths of chords 1n an optimal triangulation
for(1=0; 1<n; 1++)
for(j=1+2; j<n; j++){
w[1,j] = the length of the chord between vertices v; and v,
L[1,j]=0;}
for(d=3; d<n; d++)
for(1=0; 1<n; 1++)
for(j=1+d; j<n; j++){
msf = min( L[i+1,j]+w[i+1,j], L[1,j-1]+wW[1,j-1]);
for(k=1+2; k<=j-2; k++)
if( L[1Lk]+L[kj]+w[i,k]+w[k,j] < msf)
mst = L[i,k]+L[k,j]+w[i,k]+w[k,j];
)

return L|O,n-1];
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A MIREE9-2: [BIREP24 TIEZ D RSO B NEHm/INITH=AH
DENZEROT=D, ZORID2EMET=H/NITHIEEIEEID.

S MEE-3: B =ATOEED2FEMNETH/MNITHEZEIEES
hHY.

EEREE4: F=ATROEBROMZER/NMNITHEEEXEIH.

A BIREE-S: EEDIEREITTIELEL, X (xE=Akn
ENFDENEROABESIZTFILTYVALEZLTEH L.

HEIT:

Z. Abel, E. D. Demaine, M. Demaine, H. Ito, J. Snoeyink and R. Uehara:
Bumpy Pyramid Folding,

The 26th Canadian Conference on Computational Geometry (CCCG 2014),
pp. 258-266, 2014/08/11-2014/08/13, Halifax, Canada.
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Exercise E9-2:In Problem P24 we tried to find a triangulation to
minimize the sum of chord lengths. What about the case where
the sum of squared chord lengths is minimized?

Exercise E9-3: What about the case where the sum of squared area
of triangles?

Exercise E9-4: What about if we want to minimize the sum of area
of triangles?

Exercise E9-5: Modify the algorithm so that not only the value of
an optimal solution but also an optimal solution itself (optimal
triangulation) 1s obtained.

Add.:

Z. Abel, E. D. Demaine, M. Demaine, H. Ito, J. Snoeyink and R. Uehara:
Bumpy Pyramid Folding,

The 26th Canadian Conference on Computational Geometry (CCCG 2014),
pp. 258-266, 2014/08/11-2014/08/13, Halifax, Canada.
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MEA/B T, —ROSBRO=ARABDOBAICHE
TERIEDIM 7

EWVNME, hZBARDOEEICEEDND2RMEIZEHRZE5ITI=HY,
— D LA TIEZRZSTLENIELNHS.

Wij]DEZEZERT SH:
HRVEERVERSRIDSHBORARETEBLLESE
TDORIZEW[,j]EL, EOTIENEEIL, ©o&T 5.
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Is it possible to extend it to the case of triangulation of a general
polygon instead of a convex polygon?

One difference is that we could connect any two vertices as chords in a
convex polygon but a general polygon may not allow it.

Modify the definition of w[i,j] :

Only if the segment between vertices v; and v; 1s contained in the interior of
the polygon, its length is defined to be w[i,j], Otherwise, w[i,j] is .

Only with this modification we can find an optimal solution.

Exercise E9-6: Devise a method for determining whether a segment
between vertices v; and v; 1s contained in the interior of a polygon, .




