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Problem P24: (All-pairs shortest path problem)

Given a weighted graph, for every pair of vertices find the length
of a shortest path between them.
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Dijkstra's algorithm

Input: Weighted graph consisting of n vertices and m edges
Output: Distances to all the vertices from one arbitrary vertex.
Computation time : O(m + n log n) time, or O(n?) time.

Hence, applying the Dijkstra's algorithm for each vertex,
computation time is O(nm + n’log n) or O(n?).

Since the number m of edges is O(n?), it takes O(n’) in the worst
case.

Any faster algorithm?
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Property of a shortest path

A%

Any vertex on a shortest path from vertex u to vertex w.

=» subpath from u to v and subpath from v to w are both shortest

paths from u to v and from v to w, respectively.

O\ w
O} \
Why: If the subpath from u to v 1s not shortest,

we can shorten the path from u to w by replacing its
subpath by the shorter one, which 1s a contradiction.
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D [i,j] = min{ D,_,[ij], D, ,[LK] + D, ;[K,j] }

f=17=L, D,ijl =L[ij] (E#EDOIEH=1DOKSI)

D, D, D,, .., D DIEICEHEETAIEXL.

7I)L31) X LsP24-A0:
FEEt1THI%D[0,1j]&T 5.
for(k=1; k<=n; k++)
FTARTDHIZDNT
D[kala.]] — mln{ D[k_laiaj]a D[k_lalak]+D[k_19k9J] }
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D, [i,j] = the length of a shortest path from vertex I to vertex |
only through the vertices in the set {1,2,....k}.
Case 1 :1f the shortest path does not pass through vertex k
=> same as D_,[i,j]
Case 2: 1f the shortest path passes through vertex k
=»shortest path from 1 to k+that from k to j

Dy[ij] = min{ D, [Lj], D\ [i,k] + D, [k,j] §
where, D[i,j] =L[i,j] (direct distance=edge length)

Dy, D,, D,, ... , D, should be computed in this order.

Algorithm P24-A0:
Let D[0,1,5] be the distance matrix.
for(k=1; k<=n; k++)
for each (1,))
D[k,1,j] = min{ D[k-1,1,j], D[k-1,1,k]+D[k-1,kj] }
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Problem on Space Requirement

The previous algorithm requires a 3-dimensional array.
=>»when we have computed D,, we don't need to store D, ;.
Hence, only one array 1s sufficient.

We want to compute not only the lengths of shortest paths but also
shortest paths themselves.

P,[1,] = the vertex number immediately before the vertex j on the
shortest path from 1 to j through {1, 2, ..., k}.

Using 1t, we can trace back from the terminal vertex to the initial

vertex.
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Exercise E8-5:Describe the behavior of the algorithm P23-A0 for
the graph below.
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Problem P25: (Construction of an optimal binary search tree)
When probability that each element 1s asked 1s given, store n data
in a binary search tree so that the expected number of comparisons
to locate a query 1n the tree 1s minimized.

Data to be stored: S=1{a;,a,,...,a,},a,=a,="** = a_
A prior1 knowledge : Assume that only elements of S are retrieved.
probability for Find(a,, S) 1s p;
When S is stored 1n a binary search tree,
let the level of a node a. containing an element of S be level(a,).
the number of comparisons for searching a. 1s level(a,) +1
(assuming the level of the root node 1s 0)
Therefore, the cost of a search tree (expected number of comparisons)
1s given by

Cost of search tree= ) p; X [level (a.) +1]
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BIRE: a[1] a[2] a[3] a[4]
S| 2 3 5 6

2/100 1/10 = 5/10 © 2/10

Pi %) Ps3 Py

R R=(2%14+1*2+5%3+2%4)/10

=2.7

&
A

R R=(2%142%2+5%3+1%4)/10
=25
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Examlpe: a[1] a[2] a[3] a[4]
S| 2 3 5 6

2/10: 1/710 ¢ 5/10 ¢ 2/10

Py P> Ps3 Py

cost=(2*1+1*2+5*3+2%4)/10

=2.7

&
A

cost=(2*1+2*2+5*3+1*4)/10
=2.5
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OJAR=(1*1+(2+5)*2+2*3)/10 =2.1 OAR=(5*1+(2+2)*2+1*3)/10= 1.6
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cost=(1*1+(2+5)%¥24+2%3)/10 =2.1  cost=(5*1+(2+2)*2+1*3)/10 = 1.6

If we enumerate all search trees and compute their costs, then
we can find an optimal search tree. But it 1s not efficient to
enumerate all of them.
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Construction of an optimal binary search tree

Characterize structure of an optimal solution and define the value
of an optimal solution recursively.

T[1,j)] = minimum-cost tree for a subset {a, a., ..., a;}
=1, ...,n, =1, 1+1, ..., n

Enumerating all possibilities:

A;@/\AA ...... ﬁ ......

T[1,k-1] T[k+1,n] 1 ,n-1

If T[2,n], T[3,n], ..., T[1,2], T[4,n], ..., T[1,n-1] are all available,
costs of those trees can be computed. If we choose the minimum-

cost tree, we can determine its root a,. 24138



RELT YT DORA TRERDEEZRDS.

(T[i, i+1],1=1,2, ... ,n-1} %KD D= ==+ =1
(T[i, i+2],1=1, 2, ... ,n-2}&3RKDH D=+ =2
(T[4, i+1<j, i=1,2,..,n-k}ZRKDHH---- =k

B%(ZT[L n]ARENE, ChAREROIE.

T[1,n]
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Computing the value of optimal solution in a bottom-up fashion

{T[1, 1+1],1=1, 2, ... , n-1} 1s computed ===~ - difference 1
{T[1, 1+2], 1=1, 2, ... , n-2} 1s computed===-""* difference 2
{T[1, 1+k], 1=1, 2, ..., n-k} 1s computed= ==~ - differencel k

Finally, we compute T[1, n], which 1s the value of optimal solution.

»
»

T[1,n]
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T[i, itk|D3K HH

Tli,i+k] =R EE {a, a,,, ..., a, T T DER/DNIRLK
=hb, TDIRIE, a,a,,,..,a, Dk+1EYHSD. @)
aZiRELTEALES,
EE D KET[i,j-1], BERHD RZET[j+1,i+k]
ETHDHVERIE. A
T[i,j-1]&ET[j+1,i+k] TOARMDEE XYL
LA D EITFIEZ TSI EIZEERE.

T[1)-1]= 2 py X [level (a,,) +1]
LARILZE1 T80T ¢,
T'[1J-1]= 2 pyy X [level (a,,) 2] =T[1)-1] + 2 py,
DFY, T[ij-111Zp; + pyy +... +p, ZEMANIE
1LARILTIFELKRES. T'[j+1,i+k]IZ22WLWTHREL.
F2T, aZiRETHEZDARMIRKTEZALNS:
p T [1,j-1 1+ T [j+1,i+k]
= T[)-1+T+Litk]+ p; + piy oo T P

T[la_]-l] T[]+1 91+k]
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How to compute T[1, 1+k]

T[1,1+k] = min-cost tree for a subset {a, a.,, ... , a,, . Thus,

k+1 different roots a,, a.,, ... , a., are possible. @
If we choose a; as a root,
an optimal solution has T[1,J-1] as 1ts left
subtree and T[j+1,1+k] as right subtree. /\

Note thgt one level 1s increques than When  Thg-1] T Livk]
computing the costs for T[1,j)-1] and T[j+1,1+k].

Tlij-1]= ¥ p,y X [level (a,,) +1]
If we increase the level by one,
T[ij-11= Y p, X [level (a,) +2] = T[ij-11+ X p,,
That 1s, we have the value one level down by adding
p; t Py to.o Ty to T[1,j-1]. Same for T°[j+1,i+k].
Thus, the cost with a, at the root is given by:
p T [1,j-1 1+ T [j+1,i+k]
= T[)-1+T+Litk]+ p; + piy oo T P
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T[i, itk|D3K HH

Clijl= {a, ay, ... , 3} (ST DER/DART[1,j]DARK
WILj] =p; + pirg - P;
LT BE

2 ERET BEEDIRMNIRATEALND
C[i,j-11+C[j+1,i+k]+ WIi, i+k]

FEEESETLEDEDR/IMEZETMNILCLi+k]| AV RES.
aba., MBELLGDIGZELEET HE ROAZEHFS:
C[i,i+k] = min{ C[i+1,i+k]+W[i,i+k],
min {C[ij-1]+C[j+1,i+k]+WI[i,i+k], j=i+1, ... , i+k-1},
C[i,i+k-11+W[i,i+k]}
k=1, 2, ..., n-1
ELTIBIZKROHDHZEMNTES.
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How to compute T[1, 1+k]

C[1,] = cost of the minimum-cost tree T[1,J] for {a, a.,,, ..., a;}

WILj] =p; + pig - P;
Then,

the cost when a; 1s the root 1s given by the following:
C[19J_1]+C[]+191+k]+ W[la H_k]

C[1,1+k] 1s obtained by taking the minimum value while varying j.
Considering the cases where a. and a,,, are roots, we have
C[1,1+k] = min{ C[i+1,i+k]+W[11+k],
min{C[1,j-1]+C[j+1,i+k]+W][i,1+k], j=1+1, ... , 1+k-1},
C[1,itk-1]+WJi,i+k]}
k=1, 2, ..., n-1
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Clij] = {a;, 2y, ..., a} ISR T DEBR/NKT[i,j]DIARK
VVﬁJ]Zpy+pH1+m‘FQ

5 (o lé
2 1 5 2
/ /N N /2 o8

T[1,1] T[2,2] T[3,3] T[4,4] 2\
C[1,11=0.2 C[2,2]=0.1  C[3,3]=0.5 C[4,4]=0.2

@ 1\

/

1 2
T[2,2] T[1,1]
=y mpq

=0.2+C[2,2]+W[2,2] =0.1+C[1,1]+W[1,1]
=0.2+0.1+0.1=0.4  =0.1+0.2+0.2=0.5

31/38



C[1,)] = cost of minimum-cost tree T[1,]] for {a;, a,, ..., a;}
VVﬁJ]Zpy+pH1+m‘FQ

5 8 8 @Qé
/ 2\ / I\ / O\ / 2\ IR R

T[1,1] T[2,2] T[3,3] T[4,4] 2\
C[1,11=0.2 C[2,2]=0.1  C[3,3]=0.5 C[4,4]=0.2

@ 1\

1 2
T[2,2] T[1,1]
=y mpq

=0.2+C[2,2]+W[2,2] =0.1+C[1,1]+W[1,1]
=0.2+0.1+0.1=0.4  =0.1+0.2+0.2=0.5
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Problem P26: (Knapsack Problem)

Given n objects o, (1=1, ... , n) and their weights w., prices v;, and
the capacity (or weight limit) C of a knapsack, find an optimal way
of packing objects into the knapsack to meet the capacity constraint
in such a way that the total price 1s maximized.

Input: I = {w,, ..., w_; vy, ..., v; C}. Asolution is represented by
a subset S of {1,2,...,n}.
An optimal solution 1s such a set S satisfying the
Capacity constraint > .cs W;=C
and maximizing
total sum of prices ) g V;.

Assumption: Assume that weight of any object does not exceed
the capacity C because any object with weight exceeding C is
never selected.
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BURE: (W, ..., W)=(2,3,4,5,6), (Vy, .., Vo)=(4,5,8,9,11), C=100D
BREBAKD.

VK| =kEBEEETTOTYEITERRICLI-ZEEDREFEDI(E
ETHE EERLYBHLHIC

V1= V[2] <+ =< V[n]
MRYILD. SOBITIE, RDKLIICES.

V[1] = v,=4, w,=2 =C,

VI[2] = v,+v,=4+5=9, w,+w,=2+3 =C,
V[3] = v,+v,+v;=4+5+8=17, w tw,+w,=2+3+4 =C,
V[4] = v,+v,+v,=4+5+9=18, w ,tw,+w,=2+3+5=C,

V(5] =v;+v=8+11=19, w;+w=4+6=C.
T, {1234 EEETIIRL. THEGL, ESOEFNBEREI0E
HBELTLFONOTHS.

ZDHITIE, BoRBEICHTSENZERICESENTL.
L7=h>T, LDXSLIERF THEEFROHLDIZENRETE LI
W CELLY.
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Example: Consider the case in which (wy, ..., w5)=(2,3,4,5,6),

(Vi oors

VK]

VS):(49598999 1 1), C=10.

= value of an optimal solution for objects up to the k-th one.

Then, by the definition
V[1]=V[2] =-+-=V][n].

In this example, we have

V[1]=v,=4, w,=2=C,

v
VI

V[2
V[3
4] =
5’

] = v, +v,=4+5=9, w,+w,=2+3=C,
1= V1+V2‘|‘V3:4+5+8=17, W1+W2+W3=2+3+4 =C,

=v,+v.=8+11=19, W3‘|‘W5—4‘|‘6 =C.

Here, {1,2,3,4} 1s not a solution since the total weight exceeds
the capacity 10.

In this example, an optimal solution to a subproblem may not be
included 1n an optimal solution. Thus, we cannot apply Dynamic
Programming to find a solution in the above order.
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BIRIETEEZT BRI 57021, o BREICx I 5 H 5 E fE
[CEFNSLIICHRBEAEZHIRMICEZLE TN,

D[i,j] = far¥l,...iDH Mo E A (T YEEATESOMAE
HARYDHEEE D TOMEDFKIE,
=1L, EXOIMNBLIEELHEELLITNIL0ET S.

", - 1ICBEA T AEREEN O TNSEE, TRENDEEIC

AT MADIGEEMALZWMEEDRWVAZENIT KL IA G,

D[la.]] = max{D [i'la .]]9 D[i'laj'wi]_l_vi}
NIEEHEEDFEEENRYIL DI EERLTINA.

)
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Then, what about a method to examine all possible ways of
choosing objects?

For each object there are two ways, to choose or not to choose.
—>there are 2" ways to choose objects.
It takes exponential time 1f we examine all possible cases.

To apply Dynamic Programming, an optimal solution must be defined
recursively so that it includes a solution to a subproblem.

D[1,]] = the largest total price among all possible ways to choose
objects from objects 1, ... , 1 so that the total weight 1s j.
It 1s O 1f there 1s no way to choose them so that the total weight 1s j.

If an optimal solutions for objects 1.,...,1-1 is known, we just consider
two cases, to add an object 1 and not to add it. Thus, we have
D[la.]] - max{D [i'la .]]9 D[i'laj'wi]_l_vi}

This implies the property of Optimal Substructure.




BIRE: (W, ..., ws)=(2,3,4,5,6), (v}, ..., v5)=(4,5,8,9,11), C=10DiHFE
i=l1DEE, MY EESHEITGZLDD2EY TG,
D[1l,w,]=D[1,2]=v,=4, D[1,j]=0, j#2,
i=2DEE, {1, {1}, 2V, {12 DHEEENHEIID,
D[2,2]=4, D[2,3]=5, D[2,5]=9, D[2.j]=0 j#2.3,5

k| 2 3] 4] 5[ 6] 7] 8] 9]10 .ﬁﬂégg‘;
O 0 O Of O] O] Of O O] O
1 w,=2,v,;=4
‘ 2| 4 Wy=3,V,=5
31 4 w;=4,v,=8
4| 4 0 w,=5,v,=9
51! 4 9 ws=6,vs=11

BFEHIHNC=107BAAESILAMEEITEMBALTLL. 39/40




Example: Let (wy, ..., w5)=(2,3,4,5,6), (v, ..., v5)=(4,5,8,9,11), C=10.
i=1=»only two ways to choose object 1 or not choose it:
D[1,w,]=D[1,2]=v,=4, D[1,j]=0, j#2,
i=2=>there are four cases: {}, {1}, {2}, {1,2}
D[2,2]=4, D[2,3]=5, D[2,5]=9, D[2,;]=0 j#2,3,5

27 31 4| 5! 6! 71 8! 9|10 .indicates a new
solution
0 0| 0 O] Of O Of O] O

w,=2,v,=4

W,=3,V,=)

w;=4,v,=8

k
0
|
2
3
4

w,=5,v,=9

5

ws=6,vs=11

We can ignore a set of objects if their total weight exceeds 10. 4040



7ILT) X LP26-A0:

AN nfBDEPo,(=1, ..., n)DESw. E{H{Ev,, HIfEE

for(i=1; 1<=C; 1++)
D[0,1] = 0;
for(k=1; k<=n; k++)
for(i=1; 1<=C; 1++)
if(i<w,) D[k,i] = D[k-1,1];
else {
if(D[k-1,i-w,]+v. > D[k-1,i])
D[k,1] = D[k-1,1-w,]+V;
else
D[k,1] = D[k-1, 1];
)
max=0;
for(i=1; 1<=C; 1++)
1f(D[n,1]>max) max = D[n,1];
return max;
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Algorithm P26-A0:
Input:n objects o,(i=1, ... , n): weight w, and price v;, capacity C.
for(i=1; 1<=C; 1++)
D[0,1] = 0;
for(k=1; k<=n; k++)
for(i=1; 1<=C; 1++)
if(i<w,) D[k,i] = D[k-1,1];
else {
if(D[k-1,i-w,]+v, > D[k-1,i])
D[k,1] = D[k-1,1-w.]+v;
else
D[k,1] = D[k-1, 1];
)
max=0;
for(i=1; 1<=C; 1++)
1f(D[n,1]>max) max = D[n,1];
return max;
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BEREDERITTES, SERLEALTL.

D[i,j]P =T T%{, D[i,j|REZE5Z5TYDMEEEHLEIE
I5H5HKIZT .

= max{D[i, j-1], D[i-w;,j-1]+v;}

=j DI[i,j]=D[i-w;j-1]+v,D &S

=0 DIij]=D[i,j-1]D &=
CDFICROBHEFEMREF ZAHD[1, n|MbF(TWH &I
FYREREKRDOLH_EMTES.

D
T
T

i)
18]

1,] ]

k

2

10

0

0
1
2
3
4
5

12/0

8/0

12/0

D[i,j)/T[i,j] D&
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Want to construct an optimal solution with the value of optimal solution.

We maintain not only the table D[1,j] but also the combination to

give the value of D[1,]].
D 19.] - maX{D[ia j'1]9 D[i'wjaj'll_l_vj}
Tlijl=j if D[Ljl=D[i-w;,j-1]+v,

Then, we can construct an optimal solution by tracing back the
value of D from D[i,n] giving the optimal solution.

k 3 4 6 7 10
0 0 0 0 0 0
1

2

3

4 12/0 | 13/0

5 8/0 12/0 | 13/0

values of D[1,j]/T[4,j]
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10

(800 12/0
40| 50| 80| 90| 12/0] 13/0
D[ij}/T[ij]DIE

EIEfEDIEILXD[5,10]=19

D[5,10]=19, T[5,10]=5£0, @¥5%&H A.

w=6T=M5, TDHIIED[4,10-6]=D[4,4],

D[4,4]=8, T[4,4]=0, fA] £ AALELY. ZDRIIED[3,4]=8
D[3,4]=8, T[3,4]=3#0, a¥3%&H A.

w=4T=M b, T DHIIED[2,4-4]=D[2,0].
EEDMH0IZHE-T=DT, CZTEDLY.

falB, REBRTERTSmYPDEERIL{3,5].
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10

(800 12/0
40| 50| 80| 90| 12/0] 13/0

D[i,j)/T[i,j] D&

The value of an optimal solution 1s given by D[5,10]=19.
D[5,10]=19, T[5,10]=5#0, output object 5.

Since ws=6, its predecessor 1s D[4,10-6]=D[4,4],

D[4,4]=8, T[4,4]=0, output nothing. The predecessor is D[3,4]=8.
D[3.,4]=8, T[3,4]=3#0, output object 3.

Since w;=4, its predecessor 1s D[2,4-4]=D[2,0].

Now the total weight becomes 0, and thus this 1s the end.

After all, the set of objects for an optimal solution 1s {3,5}.
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7ILT) X LP26-Al:

AR nfBOREo(=1, ..., nDEEw,E{HEIEv., FIFRE
for(i=0; 1<=C; i++)
D[0,1] = T[0,1]=0;
for(k=1; k<=n; k++)
for(i=1; 1<=C; i++)
if(i<w,){ D[k,i] = D[k-1,i]; T[k,i]=0;}
else {
if(D[k-1,i-w, ]+v, > D[k-1,i])
{D[k,1] = D[k-1,i-w, |+v,; T[k,1]=k;}
else
{D[k,i] = D[k-1, 1]; T[k,1]=0;}
h
k=0;
for(i=1; 1<=C; i++)
if(D[n,i]>D[n, k]) k =1;
for(i=n; >0 && k>0; i--)
if( T[1,k] > 0) {
T[Lk]ZH A k=k - w;;
;
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Algorithm P26-A1l:

Input:n objects o,(i=1, ... , n): weight w, and price v;, capacity C.

for(i=0; 1<=C; i++)
D[0,1] = T[0,1]=0;
for(k=1; k<=n; k++)
for(i=1; 1<=C; i++)
if(i<w,){ D[k,i] = D[k-1,i]; T[k,i]=0;}
else {
if(D[k-1,i-w, ]+v, > D[k-1,i])
{D[k,1] = D[k-1,i-w, |+v,; T[k,1]=k;}
else
{D[k,i] = D[k-1, 1]; T[k,1]=0;}
h
k=0;
for(i=1; 1<=C; i++)
if(D[n,i]>D[n, k]) k =1;
for(i=n; >0 && k>0; 1--)
if( T[1,k] > 0) {
Output T[1,k]; k=k - w;;
h
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st R R D R AT

FILOd)XLDEEKY, STERBIZBELGMIC
O(nC)
THD.
(1) EEFRICHEIDOEHnDZEXEEDLEE
= COETERMEEnlzBT 52 EHK LS.
2) COIEHANIZLERTIEEICKENES
COEB & Idlog CE Y TRITAIHE
S AT DIEMEEIZLLHIT BRI LS.
BZIERRM7ILIY X LEMES.

SEEREREE10-3: 7J)LOY X LP26-A1 TlX 2R TR HZ 2D ALY
TWBAD, FOSED—AHIF1RTEIIZTEEHIEETE.
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Analysis of Computation Time

From the structure of the algorithm the computation time 1s given
by
O(nC).

(1) If the capacity C 1s polynomial in the number n of objects

— this computation time 1s a polynomial 1n n.
(2) If C 1s much larger than n.

The value C 1itself can be represented by log C bits.

—Time 1s proportional to an exponential function in mput size.
It 1s called a pseudo-polynomial time algorithm.

Exercise E10-3: Algorithm P26-A1 uses two 2-dimensional
arrays. Show that one of them cab be replaced by a one-
dimensional array.
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BEEEP27: GEEHITHIFE)
nfADITHDZRII<A LA, ..., A>HEZoNT-LE, 1THFE
AXAX XA

ZEtRIHDIC, BEREERHZR/NMNITHITIEDIEFZRD L.

pIT X qHID 1T EqTT X 15D

THDTIEZTE T HE X _

pIT X rFDITHIMNFONS.

CHEEMEH(FEEEME)

DEIEIEp X q X1 31T x 451 44T x 351 34T x 35|

{5l : A ;=109T X 2051, A,=201T X 55, A;=51T X 255D &F,
((A ><A)><A3)0)J|LELt (10x20x5)+(10x5x25) =2250
(A, X (A, X A))DIETFZE, (10X 20 X 25)+20 X 5% 25)=7500

IEDT, FIBDAHINERRIZIE DAL
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Problem P27: (Chained Matrix Product)
Given a sequence of n matrices <A ,A,, ... , A >, find an order of
matrix products to minimize the number of operations to compute

the matrix product A; X A, X ... X A_.

Product of a p X @ matrix and q X r
matrix 1s a p X r matrix using X —
p X q X r operations (multiplication
and additioN).
3%X4 4X3 3X3

Example: A;=10 X 20 matrix, A,=20 X 5 matrix, A;=5 X 25 matrix.
((A; X A,) X A;) require (10 X 20 X 5)+(10 X 5 X 25)=2250 ops.
(A, X (A, X Ajy)) requires (10 X 20 X 25)+(20 X 5 X 25)=7500 ops.

Thus, the former needs less operations.
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MEDITHIDFERE, MBRYLEEIEFRAHS.
(A X (Ay X Az)) X Ay)
(A XAy X A3) X AY)
(A XA X (A3 X Ay))
(A X ((Ay X Ay) X Ay)
(A X (A, X (A3 XAY))

NEIRTOFREIERIZOWTEE RS

nILELY.

SEEIZEEL0-1: IO DITAIFOU Y2 @Y HHZEFEERAE L.
L FCatalanF EL TRIENTWNSED TH 5.
EVRAEMD D ANPM)BYHSHETSH. EFEDRIIZENT
kEBB LI BEHDBTHEILTENENDER 2 FIIZxLTHHIL
[CHEIIEDITAIEMTES. £oT, XDEEXEES.

P(1) =1

P(n) = ¥, P(K)P(n-k)
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For product of four matrices, there are many orders for their product.

(A X (Ay X Ag)) X Ay)
(A X Ay) X Az) X Ay)
(A} X Ay X (A3 X Ay))
(A X (A X Az) X Ay))
(A X (Ay X (A; X Ay)))

It suffices to obtain the number of operations fo of them.

Exercise E10-1:Prove that there are O(4"/n*?) ways for parenthe-
sizations. This 1s known as the Catalan number.

Hint: Suppose there are P(n) ways for parenthesization. In each
sequence we can parenthesize it by dividing it between its k-th and

(k+1)-st position into subsequences independently. Thus, we have
P(1)=1

P(n) = ¥, P(K)P(n-k)
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REROEBEZTHE DT, EROEZHRIRNICERT 5.

MEDITHDIEDIZE
(A X (A, X A))XA) BRRIK(ALALA)EA,DIR
(A XA)XADXA) HRITALALA)EA,DIE
(A, X A X (AL XAL) BHIE(A AN E(ALA DT
(A X (A, XA XAY)) mRIFA EALALA)DIE
(A X (A, X (A;XA)Y) TRIFA EA,ALA)DIE
2RI T SELEFHEIEF N2 M>TLINIL,
(ALALAL), Ay, ((ALAY, (AAY), (A(ARASAY))
DIBEY DR ENZEFRIE KL,

— B2 ZIX, RAICEZTHITANDERE.

(A oAy Ay, AY)) k=12, .01 \
TNZENDER RN T SmBELEEARIEFENTH>TLINIE
SRDFBELAEIEFRLHNS.
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Characterize structure of an optimal solution and define the value
of an optimal solution recursively.

To compute the product of 4 matrixes
((A; X (A, XA;) XA, lastis the product of (A;,A,,A;)and A,
(A XA,))XA;)XA,) lastis the product of (A,A,,A;) and A,
((A; XA, X(A;XA,)) lastis the product of (A,A,) and (A;,A,)
(A, X ((A, X A;)XA,)) last is the product of A, and (A,,A;,A,)
(A, X (A, X(A;%XA,))) lastisthe product of A, and (A,,A5,A,)
If we know an optimal orders for subsequences, it suffices to check
the three ways of partitions.

(ApLARA3), Ay (ApA,), (AsAY), (AL(ALALLAY))

Generally, the problem is the place for the first partition.

(A, A, (A, 5A)) k=1,2, ..., n-1
If we know an optimal order for computation for each subsequence,
then an optimal order for computation is obtained.
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ZFTHNDH A X Zp AT ET BE, ITHRDERSNS=HIZIE,

417 P2> 127 P35 -+ 5 Gn™Pn+1
TIRRITNIEESELN.
L7=mM>T, AATIL, pi, Dy oo Py Py 2T ZEIEET S.

i?" ADBAFTOITIDEZELESE, piTg=p, FIDITHIA

Fons.

A7f)\bA FTOITIDHEDHEICHELGR/INDEERHE
M[l,J]L"d'%) CHDEEHETHDIZ, kFEiMLJETEISET

AMBAFETDREA DOAFTTOIRZT NTEHEI ST KL,
ADBA EFTODIELpT pk+1§|J0) THITHY, A, DOAFTDIE
[P TP FIDITHIIZNG, EN6DITHIFEIS

plpk+1pj+1
o DEENNHETHS. LI=H>T, M[i,jl&KDHEER

M[i, j] = min{M[LK]+M[k+1,j]+p;py . Dj11> kK=11H], ., -1
Ei5B.
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Let the size of each matrix be p; X g;. Then, only 1f we have

q17P2 427 P35 «-+ > A= Pn+1
the product of those matrices 1s defined. Thus, we only specify

P1> P25 -+ 5 P> Pn+1 for input-

[f we take the product of matrices from A; to A,
then the p; X g;=p;, matrix is obtained.

M[1,j] = the smallest number of computations to calculate the product
of matrices from A; to A;. For the computation it suffices to evaluate
all possible productions of matrices from A, to A, and those from
Ay to A, for each k between 1 and .

The product for A, through A, 1s a p; X p,,,; matrix, and that for
Ay through A; 1s a p, | X p;, | matrix.
Thus, the number of operations we need to compute them 1is

PiPx+1Pj+1 -
Therefore, the recurrence equation for M[1,j] 1s

M[la J] = min{M[iak]+M[k+l9j]+pipk+lpj+19 k:iai+19 see g J_l } .
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7 LT X LsP27-A0:
A1 :0fH DTN DY A X (p 1Tp, ). (p,1TP35N), .. . (0o 1TP4e 5.
for(i=1; i<=n; i++)
MJ1,1] = 0;
for(d=1; d<=n; d++)
for(i=1; i<=n-d; i++)
J=1+d;
mst = M[L1[+M[1+1,j[+p;p;s1Pi+1;
for(k=i1; k<j; k++)
if( M[Lk[+M[k+1,j]+pipyspj+y < mst)
msf= M[1,k]+M[k+1 ,j]+pipk+1pj+1§
M[1,)] = msf;
h

return M| 1,n];

SEEMREEI0-2: LTI X LATIEIREHEDIBELN D DDA
L. REGSHEIEFEROONDEIICTI TV LEZEETE L.

59/40



algorithm P27-A0:
input : matrix sizes (p,rows p, columns),(p,, p3), --- >(Py> Ppr1)-
for(1=1; 1<=n; 1++)
MJ1,1] = 0;
for(d=1; d<=n; d++)
for(i=1; i<=n-d; i++)
J=1+d;
mst = M[L1[+M[1+1,j[+p;p;s1Pi+1;
for(k=i1; k<j; k++)
if( M[Lk[+M[k+1,j]+pipyspj+y < mst)
msf= M[1,k]+M[k+1 ,j]+pipk+1pj+1§
M[1,)] = msf;
h

return M| 1,n];

Exercise E10-2: The above algorithm only finds the value of an

optimal solution. Modify it so that an optimal order of computation

1s also obtained.
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ZEP28: ({TRAfEIRE)

nf M DBEZRESERBEERT EA DS ITNEZAOMNT

m

EE, IRTOEMZANTIHDETICR > TLHEHFRDH
TREDLDZERDEL.

7010 15 20
50 910
L=1613 012
889 0

il DB DR
L[i,j]&T 5.

% (1,2,3,4,1) : £&=10+9+12+8=39,

B 8% (1,2,4,3,1) : E=10+10+9+6=35,

JE W% (1,3,2,4,1) 1 |&=15+13+10+20=58,
JEHEER(1,3,4,2,1) 1 R&=15+12+8+5=40, F &
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Problem P28: (Travelling-Salesperson Problem)

Given a weighted graph for a road network interconnecting n cities,
find a shortest closed tour starting from a city and coming back to
1t after visiting every city.

7010 15 20
50 910
L=1613 012
889 0

L[1,]] 1s the distance between
city 1 and city j.

tour(1,2,3,4,1) : length=10+9+12+8=39,

tour(1,2,4,3,1) : length=10+10+9+6=35,

tour(1,3,2,4,1) : length =15+13+10+20=58,

tour(1,3,4,2,1) : length =15+12+8+5=40, etc. 62/40



FEig (I 2 & TRHEY HH=5D.

E®2%B$Fﬁﬁ':%ﬁb§%éﬁ6, (n'l)'ﬁbjwﬁﬁﬂﬁbﬁﬁﬁ
StirlingM AT IZKDHE

n! =(2xn)(n/e)"
CHITKRHBICIEnnEWNSIE R RL

#BhEL 2, .. . nEBSDOTF, wTEHMINSGHRELTEHILIC
RHOTLHLDET 5.
SEHDEEEN={1,2, ....,nt&L, TDELEEESET .
Hhm1ZESEFLEWOERESSITHLT,

g(i, S) =&ML HFELT, SOETHZEIT X TE-TEMILIC

ROABEBOPTOREBROES,

==L, ilESIZE &L 2 E,
EEDDHE, KOHXFEERD RS

o(1, {2,3,...,n})
ELTEZoNDZEIZHS.
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How many tours are there in total?

If there 1s a road between any two cities, then there are (n-1)! tours.
Using the Stirling’s formula, we have

n! =~(2mn)(n/e)".
This 1s roughly an exponential function n".

Numbering the cities as 1, 2, ..., n, and assume that we start at
city 1 and come back to 1it.
The set of all cities: N={1, 2, ... ,n}. S s a subset of N.
For a subset S not containing city 1,
g(1, S) = the length of a shortest path from city 1 coming back to
city 1 through every city of S.
Note that 1 does not belong to S.
Then, the length of the shortest tour 1s given as

g(1, {2, 3, ..., n}).
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o(i, ZHIFMICERLLD

®
1 ®
®

1 S

DT ENEZER I 210121, SamEICx I 58I &ERF
[CEFNSLIICHRBEAEZHIRMICEZLE TN,

SOHRTERIHID R ELGHE T DIEMHEZ ] ELI-EE,
MHIETOmRBLZZFROESE
g0, S-4})
TEZoNh35. £oT, g, S)IZxd Bi#ibxRELT
g(1, S) = min;c g {L[1,] + g0, S-{J )}
=155, 1=1ZL, ilESOEHRTILAL.
L[i,j](i%‘KI_'ﬁi,j FEE]@EE%/E 65/40




Let’s define g(i, S) recursively!

®
1 ®
®

1 S

To apply Dynamic Programming, an optimal solution must be defined
recursively so that it includes a solution to a subproblem.

If j 1s a candidate among S for the city after city 1, the length of an
optimal path to city 1 1s given by
g, S-11}).
Thus, the recurrence equation for g(1, S) becomes
e(i, ) = min, s {L[i,j] + &G, S-(G1)}
where 11s not an element of S.
L[1,j] denotes the distance between city 1 and city j. 66/40



|S[=0
g(2, ®)=L[2,1]
g3, ®)=L[3,1]
g(4, @)=L[4,1]

5
6
8

[SI=1
g(2, {3})=L[2,3]+g(3, ®)=15
g(2, {4})=L[2,4]+g(4, D)=18
g(3, {2})=L[3,2]+g(2, D)=18
g(3, {4})=L[3,4]+g(4, )=20
g(4, {2})=L[4,2]+g(4, ®)=13
g(4, {3})=L[4,3]+g(3, ®)=15

[S[=2

g(2, {3,4})=min{L[2,3]+g(3, {4}), L[2,4]+g(4,{3})}=min{29,25}=25
g(3, {2,4)=min{L[3,2]+g(2, {4}), L[3.,4]+g(4,{2})}=min{31,25}=25
g(4, {2,3})=min{L[4,2]+g(2, {3}), L[4,3]+g(3,{2})}=min{23,27}=23
IS|=3
g(1, {2,3,4})=min{L[1,2]+g(2, {3.,4}), L[1,3]+g(3, {2,4}),L[1,4]+g(4, {2,3})}
= min{35, 40, 43} = 35.
&oT, XEFAEIRDEIIEISTHS.
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|S[=0
g(2, ®)=L[2,1]
g3, ®)=L[3,1]
g(4, @)=L[4,1]

5
6
8

S[=1
g(2, {3})=L[2,3]+g(3, ®)=15
g(2, {4})=L[2,4]+g(4, D)=18
g(3, {2})=L[3,2]+g(2, D)=18
g(3, {4})=L[3,4]+g(4, )=20
g(4, {2})=L[4,2]+g(4, ®)=13
g(4, {3})=L[4,3]+g(3, ®)=15

[S[=2

g(2, {3,4})=min{L[2,3]+g(3, {4}), L[2,4]+g(4,{3})}=min{29,25}=25
g(3, {2,4})=min{L[3,2]+g(2, {4}), L[3,4]+g(4,{2})}=min{31,25}=25
g(4, {2,3})=min{L[4,2]+g(2, {3}), L[4,3]+g(3,{2})}=min{23,27}=23
SI=3
g(1, {2,3,4} )=min{L[1,2]+g(2, {3,4}), L[1,3]+g(3, {2,4}),L[1,4]+g(4, {2,3})}
=min{35, 40, 43} = 35.
Therefore, the length of an optimal tour is 35.
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7 ILT) X LP28-A0:
AN nEHEDEREERT TS50
U={1,2,..,n &9 5.
for(i=2; 1<=n; 1++)
g(1, @)=L[L.1];
for(k=1; k<n; k++){
for |1ZEFHENVHAXKDITARTOESEES {
for SICEFNELNT RTDIZDULNT
} g(1, S) = mineg{L[1,] + g0, S-11})}
return g(1, {2, 3, ..., n});

SEEMBREE10-4: FEEO7ILdYRX LD EREREEEEZND
B#TERYE. (EVM ZEATIELGULVAnnKYIZRLY)
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Algorithm P28-A0:
Input: A graph representing distances among cities.
U={l, 2, ..., n}.
for(i=2; 1<=n; 1++)

g(1, @)=L[L.1];
for(k=1; k<n; k++){

for each subset S of size k not containing 1 {

for each 1 not contained in S

} g(1, S) = mineg{L[1,] + g0, S-11})}
return g(1, {2, 3, ..., n});

Exercise E10-4: Express the computation time and amount of

storage of the above algorithm as functions of n.
(Hint: It is not a polynomial, but it’s better than n".)
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