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Computation Theory/
Computational Complexity

e Goal 1:

— “Computable Function/Problem/Language/Set”

 We have two functions;
1. Functions that are not computable!
2. Functions that are computable.

e Goal 2:

— How can you show “Difficulty of Problem”

* There are intractable problems even if they are
computable!

— because they require too many resources (time/space)!
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3. Machine model & computability

3. Studies on what is a computation.

Formal definition of Turing machine:

We denote by L(M) the set of strings accepted by a Turing
machine M.

— A Turing machine M recognizes a language L = L(M)=L.

[Note] In general, a Turing machine does not halt necessarily.
We sometimes consider Turing machines that always halt for

any inputs. We wilkoater e e ey e S s aamaada s in

this class.

Today’s Topic: We will consider this part seriously.
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4. Undecidability and Diagonalization

4. Undecidable problem

The following problem cannot be solved by any
Turing machine:

The problem HALT (Problem of deciding halting)
input:a code <T x> of Turing machine T and an input x
output: T will terminates for the input x?
Yes: if T(x) terminates
No: otherwise.

Precisely, we can show that there is no Turing machine U’ that
computes the halting problem.

...Proof is done by “diagonalization” essentially...
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4. Undecidability and Diagonalization

Exercise 2: Why we do not
use the ordinary
lexicographical ordering?

4. 2. Diagonalization

Definition:
A set is countable if it is finite or it has the same cardinality of natural numbers.

Ex. 1.3". Observation:
The set of 0/1 strings is countable by the lex. ordering: Any subset of a

e, 0,1, 00,01, 10, 11, 000, 001, 010, 011, 100, ... countable set is also
countable

Ex. 1.3.
Turing machines (and corresponding functions) are countable
because each machine can be represented by a binary string.
(In other words, they can be enumerated as 7, T, T,,...)

Natural question: Is there any uncountable set??
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4. Undecidability and Diagonalization

4. 3. Proof of undecidability via Diagonalization
[Theorem] The problem HALT is undecidable.

[Proof by diagonalization]
Let ®@ be a set of all computable functions (with one argument) .
Each element in ® corresponds to a Turing machine, that can be represented
in a binary string in X*.
Thus we can enumerate all corresponding binary strings as
by, b,, ..., b, ..
in the lexicographical order.
Thus, we can also enumerate all the functions in ®:

f11f21 Ifkl
In other words, the set @ is a countable set!
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[ Our conclusion: The problem HALT is not computable. ]

— — Bl
The set of functions is uncountable, while

the set of computable functions is countable.
\ /L

Diagonalization
Given a countable set G, construct an element g
which does not belong to G.
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2.5 Examples of incomputable functions

Predicates concerning on properties of functions are often incomputable.
Ex.2.19. Does a given program always output 0?

Zero(a): a is a code of program A, and A(x)=0 for any x.

Zero is incomputable.
The problem “does a given

program halts?” cannot be
solved, while the problem
“does a given program halts
after t steps?” is solvable.

The following program Y, ,(t) exists:
* For any fixed program code a and x,
* Simulate A(x) t steps, and

 Qutput 1ifit halts

* OQOutput 0if it does not halt

Now, we have;
Halt(a,x)="yes” = O tYg,, (t)=1 = Zero(y,,)="no”
Halt(a,x)="no” = L tY,, (t)=0 = Zero(y, ,)="yes”
Therefore, if Zero is computable, Halt(a,x) is also computable as follows:
* Construct a program code y,, ,, of Y, ,, from a,x, and
* Output the opposite of Zero(y,, ,)-

Since Halt is incomputable, Zero is also incomputable.
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Ex. 2.20 Is a given program total?

Total(a): ais a code of program A, and A(x)2[] for any x.

Given a program A, consider the following computation.
(1) Find all halt statements.=assume that it is halt(y).
(2) Rewrite as [if y20 then loop, otherwise output y and halt].
(3) For each halt statement, do the above.
Let B be the resulting program.
If the program A outputs other than O then it enters infinite loop.
i.e., unless A always outputs 0, B is not total.
The above conversion is computable=>»So is the following function
replace(a) = b, if ais a program code,
= a, otherwise,
where b is a code of the converted program B above.

On the other hand,ld all 2*[Zero(a) <= Total(replace(a))]

Therefore, if Total is computable, then Zero is also computable, a
contradiction. Total is incomputable.
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3. Analysis of Computability

3.1. From Functions to Sets

Hardness of a function—>hardness of a set

[}

structural analysis

Problem of recognizing a set (or decision problem)
L [12%*, recognition problem of a set L
Given a string x, decide whether x belongs to L or not.
Characteristic predicate of L RL(x)¢<> xelL
Ex.3.1 EVEN ={<n>:nis even}, EQ = {<a, b>: a=b}
*Recognition of EQ: “Given a string, is it of the form <a,b>
and a=b?” or “Are two strings equal to each other?”
Formally, Eq(x)«— 3a,b[x=<a,b> Aa=b]
Intuitively Eq'(a, b)«—[a=b]
There is little difference in hardness between Eq and Eq’,
so they are considered the same.
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Hereafter,
hardness of recognition problem of a set = hardness of a set

Problem =Problem of computing a function
Problem =Problem of computing a function on x*
Problem=Problem of recognizing a set on 2*

Def. 3.1: A set S is recursive if its characteristic predicate is
computable.

Ex. 3.2. HALT={<a,x>: Halt(a, x)}
HALT is recursive «—Halt is computable
Thus, HALT is not recursive.
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Two different ways of problem descriptions

String equivalence(EQ) Given an x, determine whether

Input: pair <a, b> of strings on 2* || “x € EQ?”

Question: a=b"? where, EQ={<a,b>:a=b}
Intuitive Formal

Recognition program = a program of one input on X*
which outputs 1 or O for any input.

For a recognition problem A
A accepts an input x <= A(x) outputs 1
notation: A(x) = accept
A rejects an input x <= A(x) outputs O
notation:A(x) = reject
A recognizes aset L < [={x: A(x)=accept}

L is recursive <— There is a program recognizing L
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3.2 Enumerable set

There is no program for recognizing a non-recursive set,
but we have a different story if we consider weak “recognition”

Program A semi-recognizes a set L
for every Xe X *
Xxe L < Al(x)=accept
xeg L < Alx)= L (A(x) does not stop)

A set L is semi-recursive €= semi-recognizing program of a set L

Recursive sets g semi-recursive sets

i.e., recognizable sets < semi-recognizable sets
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Ex.3.5. Halt is not recursive but it is semi-recursive

(Strategy:given a program and an input to it. Execute it to
determine whether its stops or not.
If it stops, we know it within finite time.)

prog HALT(input <a, x>);

var t nhum, when x is input to a program represented
begin / by a string g, it halts within t steps.
t:=0;

while true do
if HaltInTime(a, x, t) then accept end-if;
t:=t+1;
end-ehile
end.

This program semi-recognizes HALT,
since HALT(<a,x>) will accept for some t
when the program execute HaltInTime(a,x,t) if HALT(a,x).
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[Notation]
RANGE(g): range of a function g, i.e.,
set of all outputs of a program computing a function g

Theorem3.2 Let L be an arbitrary non-empty set. Then, the following
two conditions are equivalent:

(a) L is semi-recursive.

(b) There is a computable function g such that L= RANGE(qg).

Proof: (a)—=>(b)
L is semi-recursive =) a program A that semi-recognizes L exists
c,: any element of L

prog G(input w: X*): ¥
var x: 2°; t: num;
begin
if W& X*x N then halt(c,) end-if;
x:=1st(w); t:=2nd(w);
if HaltIn Time(<A>, x, t) then halt(x) else halt(c,) end-if
end.

Let g be a function computed by this program G.
We prove that g satisfies (b) as follows:
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g is computable and total
Since any xe L is accepted by A,
L(x) = accept —Jte N [HaltiInTime(<A>, x, t);
—~3Jte N [G outputs x for an input <x, t>]
—Jw (=<x, t>) € =[g(w) =]
thatis, L1 RANGE(qg)
every element of L appears as an output of G.
*On the other hand, since L does not halt forany y& L
Ly)= L — Vte€ N[ —=HaltInTime(<A>,y, t)]
—Vte N[G outputs ¢, for an input <y, t>]
—Vy ey, Vte N [g(<y/, t>) # y]
yé L, c,elthus y#c,
—Vwe 3 [g(w)# y]
that is, no element y of L appears as an output of G.
L [ RANGE(qg)
L [ RANGE(g) ALLl RANGE(g)
L = RANGE(qg)
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if G(w) = x then accept end-if;

vg.—r;}e.r(t(w) T next [T ESBARERIER
g TROTERHZHEH
> DL ed NTHZELTHRRTLS.
> G(w)=xtEb wl 3 BNFEETNIL, B(x)=accept
(FELZITNIXFLLELLELY)
K- TTATSLBIELZHEEHTS.
(REBA#%R)



Proof: (b)—2>(a)
i.e., there is a computable function g such that L = RANGE(g)
— L is semi-recursive
g is computable =there is a program G that computes g.
Using this, we have the following program B.

prog B(input x);
var w: ;
begin
e Wi=
while true do
if G(w) = x then accept end-if;

w:=next(w) —

end-while next is a function that computes the next
end. element in the pseudo-lexicographic order

all the elements of X* are checked in order.
if there is a we Y*such that G(w)=x, then xe L.
The above program semi-recognizes L.

(Q.E.D.)
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Theorem3.3. For any infinite set L, the following two conditions
are equivalent:

(a) L is semi-recursive.

(b) There 1s a computable one-to-one function € such that

L=RANGE(e).
I f Proof of Theorem 3.3 is omitted.
C

Theorem3.2 Let L be an arbitrary non-empty set. Then, the
following two conditions are equivalent:

(@) L is semi-recursive.

(b) There 1s a computable function g such that L=RANGE(Q).




EIE3.3

2> FIRIES LI
L={e(g), e(0), e(1), e(00), e(01), e(10), e(11), e(000), ...}
ETFBHEIFIXIIDETE AIRERE S e NEFEET B

BE&K e (X L Z#ZE (enumerate)d %

EE32ZEBLIIROWVTNOAMNKYIIDES, (IRIABIIZ)
WZE R[5 TdH S EL VI (recursively enumerable).
(a) LITBRESE
(b) L ZHZET S TETE A BEL L DL TFIE.

I -BRES LITXRLTIL L= RANGE(e) BB K575
11D EEEE e HEHYBFLELD T, HINBIIZHHR-TLS.

TFHEH3ATARTOES LIZHL,
L DNEIF R A = L DN ZE AT BE




Theorem3.3

=» for a semi-recursive set L there exists a computable
one-to-one function such that
L={e(€), e(0), e(1), e(00), e(01), e(10), e(11), e(000), ...}
We say the function e enumerates L.

Def.3.2 A set L is (recursively) enumerable if
(a) L is a finite set, or
(b) there is a computable function that enumerates L.

Remark: Finite sets are exceptional, since for any finite set L
there is no total on-to-one function e such that L = RANGE(e).

Theorem3.4 For any set L we have
L is semi-recursive === [ is enumerable
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Comparison between enumerability and recursiveness
A: recursive set == the characteristic predicate R ,(x) is computable
That is, for xe X * it is computable whether xe A

B: enumerable set == a function that enumerates B is computable
that is, we can enumerate all the elements of B
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Theorem3.5. For any set L, the following conditions are equivalent.
(a) L is enumerable.
(b) For some computable predicate R, we have
L={x: dwe X*[R(x, w)]}

Proof : (a)—=2>(b)
L is enumerable, so there is a computable function e enumerating L.
Define R(x,w) =[e(w) = x]
Since e is a function enumerating L,
L = {x: Jwez*[e(w) = x]}
= {x: Jwez*[R(x,w)]}
e is computable — there is a program that computes e
Moreover, e is total, and thus the program always stops and outputs
an answer. Thus, the predicate R is computable.
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prog C(input x);
var w: Y%
begin
w:=E&
while true do
if R(x, w) then accept end-if;
w:=next(w)
end-while
end.
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Theorem3.5 For any set L, the following conditions are equivalent.
(a) L is enumerable.
(b) For some computable predicate R, L={x: dw €X* [R(x, w)]}

Proof: (b)—=>(a)
Using a program that computes a predicate satisfying the
condition (b), we have a program that semi-recognizes L.

prog C(input x);
var w: 2.*
begin
w:= &
while true do
if R(x, w) then accept end-if;
w:=next(w)
end-while
end.

Therefore, L is semi-recursive. That is, it is enumerable.
Q.E.D.
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For any enumerable set L there is a computable predicate R satisfying
“for any x €2* we have x € L+=3ue X*[R(x, w)].

The problem of recognizing L can be determined by the predicate
of the form Awl[R(x, w)].

Conversely, sets whose recognition problem can be determined in
this way are enumerable sets.

predicate of the form Aw[Q(x, w)]: predicate for enumerable sets
(RE predicate)
Q is a kernel of the RE predicate.
RE predicate for L: the RE predicate for an enumerable set L

If the RE predicate of L is Aw[R(x,w)],
for each x€L there is w, € 2* such that R(x, w,) is true.
Such w, is called a witness for ‘x €L’
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3.3 Class REC and Class RE

Class REC ={L: L is recursive}: a class of recursive sets

e Outside of the class REC is a region for non-recursive sets.
It is only known that it is not empty (by the argument so far).

HALT ¢& class REC

GOAL: Analyzing the structure outside REC
What is the easiest class of sets outside REC?
—— enumerable sets.
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PE={L: Lis e_numerable}
co-PE= {L: L is enumerable}

Note:L:set
L is enumerable <= L is semi-recursive
< there is a program A that semi-recognizes L.
X€2*, xe L — A(x)=accept
xel = A(x)= 1

Note that the class co-RE is not complementary of the class RE.

Ex.3.8. Examples of sets belonging to class RE and class co-RE.

HALT € RE, HALT € co-RE
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RE and co-RE are equally “hard”

A:arbitrary RE set
we canh write a program X such that
X€S[(xe A — X(x)=accept)A(x ¢ A — X(x)=_1)]
B:arbitrary co-RE set
we can write a program X such that
X€S[(xe B — X(x)=1) A(x € B — X(x)= accept)]

The above two programs are similar, and there is no difference.
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accept =2 reject, reject 2 accept
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Theorem 3.6. For every set L, the followings hold:
(1) L REC «— L € REC
(2) LERE «— L €co-RE

Proof:
(1) Le REC, then there is a program that recognizes L.
If we exchange accept with reject
accept 2 reject, reject 2 accept
then, the resulting program recognizes L.
So, L €REC

(2) is obvious from the definition of co-RE.
Q.E.D.
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Theorem 3.7. (1) REC & RE

(2) REC & co-RE

Proof: Omitted.




EIE3.8. REC=RENco-RE

21FHA -
TFIE3.7&Y, RECO RENco-RE
FE D L € RE N co-REIZDUVT, L e RECEZRLTI=LY.
RELY, L €RE D L €RE
SLEHEBHRITHITOTILAE
LEFFHBTDHT095LADTEE.

;0)&% fkd)j |:|7 7-[AB‘3: L ’Ennunﬁkj—é XELDEE,
prog B(input x); A17ﬁ§5|E(:1$.IJ:L—C
’ acceptElib.
var t: num; xd LDEE,
begin A, M FEIEIELT
fort:=0to oo do reject&E .

if HaltinTime(<A,>, x, t) then accept end-if;
if HaltinTime(<A,>, x, t) then reject end-if
end-for
end. A AR



Theorem 3.8 REC=RE m co-RE

Proof:
By Theorem 2,7 we have RECL] RE M co-RE
We want to show that Le REC for any L € RE mco-RE.
By the assumption, L € REand L e RE
—there are a program A, that semi-recognizes L and
a program A,that semi-recognizes L.

Then, the following program B recognizes L. | if xelL,
A, stops before A,

prog B(input x); | and accepts x.
var t: num; ifxgL,
begin A,stops before A,

and rejects x.

fort:=0to o= do
if HaltInTime(<A;>, x, t) then accept end-if;
if HaltInTime(<A,>, x, t) then reject end-if
end-for

end. Q.E.D.
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Theorem 3.9. RE 7 co-RE

Proof:
If we assume RE=co-RE, we have RE=RE M co-RE.
Hence, by Theorem 3.8 we have REC=RE, contradicts to
Theorem 3.7.
Q.E.D.

RE co-RE



