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Computation Theory/
Computational Complexity

e Goal 1:

— “Computable Function/Problem/Language/Set”

 We have two functions;
1. Functions that are not computable!
2. Functions that are computable.

e Goal 2:

— How can you show “Difficulty of Problem”

* There are intractable problems even if they are
computable!

— because they require too many resources (time/space)!
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4. Undecidability and Diagonalization

4. Undecidable problem

The following problem cannot be solved by any
Turing machine:

The problem HALT (Problem of deciding halting)
input:a code <T x> of Turing machine T and an input x
output: T will terminates for the input x?
Yes: if T(x) terminates
No: otherwise.

Precisely, we can show that there is no Turing machine U’ that
computes the halting problem.

...Proof is done by “diagonalization” essentially...



4.5t E A RETE &t AR ERIE
4. 35FBIRIMEKIZSEBEERREN O I

[EHE] 1 EREHATIXREFEBETH A.

[ B R Em A | R D EE A
FTEAIGEE (LA EHIT R THLLREIEETZT 0 LT D.
EEODNEERII—DODFa2—I2TIIUITHIGL,
TNIEZ D2EXFIITREEIND.
NoD2EXFHIEFEZEXIEFT
by, by, ..., by ..
LHETED.
L2 TODTARTOREMIETRDKLSIZHZETES:
FirFor s fior oo

BHEICWDZIEO ZREES!



4. Undecidability and Diagonalization

4. 3. Proof of undecidability via Diagonalization
[Theorem] The problem HALT is undecidable.

[Proof by diagonalization]
Let ®@ be a set of all computable functions (with one argument) .
Each element in ® corresponds to a Turing machine, that can be represented
in a binary string in X*.
Thus we can enumerate all corresponding binary strings as
by, b,, ..., b, ..
in the lexicographical order.
Thus, we can also enumerate all the functions in ®:

f11f21 Ifkl
In other words, the set ®@ is a countable set!
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[ Our conclusion: The problem HALT is not computable. ]
(e

%

The set of functions is uncountable, while

the set of computable functions is countable.
\ /L

Diagonalization
Given a countable set G, construct an element g
which does not belong to G.
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2.5 Examples of incomputable functions

Predicates concerning on properties of functions are often incomputable.
Ex.2.19. Does a given program always output 0?

Zero(a): a is a code of program A, and A(x)=0 for any x.

Zero is incomputable.
The problem “does a given

program halts?” cannot be
solved, while the problem
“does a given program halts
after t steps?” is solvable.

The following program Y, ,(t) exists:
* For any fixed program code a and x,
e Simulate A(x) t steps, and

 Qutput 1ifit halts

 OQOutput 0if it does not halt

Now, we have;
Halt(a,x)="yes” = L tYg,, (t)=1 = Zero(y,,)="no”
Halt(a,x)="no” = L tY,,(t)=0 = Zero(y, ,)="yes”
Therefore, if Zero is computable, Halt(a,x) is also computable as follows:
* Construct a program code y,, ,, of Y, ,, from a,x, and
* Output the opposite of Zero(y,, ,)-

Since Halt is incomputable, Zero is also incomputable.
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Ex. 2.20 Is a given program total?

Total(a): ais a code of program A, and A(x)z[] for any x.

Given a program A, consider the following computation.
(1) Find all halt statements.=assume that it is halt(y).
(2) Rewrite as [if y20 then loop, otherwise output y and halt].
(3) For each halt statement, do the above.
Let B be the resulting program.
If the program A outputs other than O then it enters infinite loop.
i.e., unless A always outputs 0, B is not total.
The above conversion is computable=>»So is the following function
replace(a) = b, if ais a program code,
= a, otherwise,
where b is a code of the converted program B above.

On the other hand,] all 2*[Zero(a) < Total(replace(a))]

Therefore, if Total is computable, then Zero is also computable, a
contradiction. Total is incomputable.



e YeNoBATOTAYSL |

BN CHWERZZERBIT 5707 S LIXFEELAL.
LAOALESEEWVERRTODZH " 2E 2SI H

JO9SLANESLIZFEHTH
ITARTD xe *T
Xxe L < A(x)=accept
x¢ L < AX)= L  (AX)DAELELALY)

ELIF G © E/LIFFBEHMIT L0 LDFE

RUNES C LRMINES
l.e., fts pﬁ,k_J-ﬁEﬁ%A E :lzﬂb nﬁkjﬁléf&ﬁ'g




3.2 Enumerable set

There is no program for recognizing a non-recursive set,
but we have a different story if we consider weak “recognition”

Program A semi-recognizes a set L
for every xe 2 *
Xxe L < Al(x)=accept
xeg L < Alx)= L (A(x) does not stop)

A set L is semi-recursive €= semi-recognizing program of a set L

Recursive sets g semi-recursive sets

i.e., recognizable sets < semi-recognizable sets
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Theorem3.3. For any infinite set L, the following two conditions
are equivalent:

(a) L is semi-recursive.

(b) There 1s a computable one-to-one function € such that

L=RANGE(e).
I f Proof of Theorem 3.3 is omitted.
C

Theorem3.2 Let L be an arbitrary non-empty set. Then, the
following two conditions are equivalent:

(a) L is semi-recursive.

(b) There 1s a computable function g such that L=RANGE(Q).
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Theorem3.3

=» for a semi-recursive set L there exists a computable
one-to-one function such that
L={e(€), e(0), e(1), e(00), e(01), e(10), e(11), e(000), ...}
We say the function e enumerates L.

Def.3.2 A set L is (recursively) enumerable if
(a) L is a finite set, or
(b) there is a computable function that enumerates L.

Remark: Finite sets are exceptional, since for any finite set L
there is no total on-to-one function e such that L = RANGE(e).

Theorem3.4 For any set L we have
L is semi-recursive === [ is enumerable
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Comparison between enumerability and recursiveness
A: recursive set == the characteristic predicate R ,(x) is computable
That is, for xe X * it is computable whether xe A

B: enumerable set == a function that enumerates B is computable
that is, we can enumerate all the elements of B



FEI3S. TARTOES LIZHL, ROFHIZREE
(a) L [ZHXZE T EE.
(b) WL ETER[REREE R IZXIL, L={x:T we Z*[R(x, w)]}

(a)>(b) D EIEEA
LIFZBOREZD\D, LZMET HETE IR e N FHET D
Rix,w) = [e(w) = x| ETEE
e M L DMEREEZDT,
L ={x: dwe v+ [e(w) = x]}
= {x:dwe€ X*[R(x,w)]}
e [FETETRERAS — e ZEHE T HTNTSLMNEE
Lhvt e lF2EHWEDT, 20705 ALERLT FEIELTEEZR
&2 T, #EE R IFFTE A8



Theorem3.5. For any set L, the following conditions are equivalent.
(a) L is enumerable.
(b) For some computable predicate R, we have
L={x: dwe X*[R(x, w)]}

Proof : (a)—=2(b)
L is enumerable, so there is a computable function e enumerating L.
Define R(x,w) =[e(w) = x]
Since e is a function enumerating L,
L ={x:Jwey*[e(w) = x|}
= {x: Jwez*[R(x,w)]}
e is computable — there is a program that computes e
Moreover, e is total, and thus the program always stops and outputs
an answer. Thus, the predicate R is computable.
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var w: Y%
begin
w:=E&
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end.
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Theorem3.5 For any set L, the following conditions are equivalent.
(a) L is enumerable.
(b) For some computable predicate R, L={x: dw €X* [R(x, w)]}

Proof: (b)—=>(a)
Using a program that computes a predicate satisfying the
condition (b), we have a program that semi-recognizes L.

prog C(input x);
var w: 2.*
begin
w:= &
while true do
if R(x, w) then accept end-if;
w:=next(w)
end-while
end.

Therefore, L is semi-recursive. That is, it is enumerable.
Q.E.D.
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For any enumerable set L there is a computable predicate R satisfying
“for any x €2* we have x € L+=3ue X*[R(x, w)].

The problem of recognizing L can be determined by the predicate
of the form Iwl[R(x, w)].

Conversely, sets whose recognition problem can be determined in
this way are enumerable sets.

predicate of the form Aw[Q(x, w)]: predicate for enumerable sets
(RE predicate)
Q is a kernel of the RE predicate.
RE predicate for L: the RE predicate for an enumerable set L

If the RE predicate of L is Aw[R(x,w)],
for each x€L there is w, € 2* such that R(x, w,) is true.
Such w, is called a witness for ‘x €L’
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3.3 Class REC and Class RE

Class REC ={L: L is recursive}: a class of recursive sets

e Outside of the class REC is a region for non-recursive sets.
It is only known that it is not empty (by the argument so far).

HALT ¢& class REC

GOAL: Analyzing the structure outside REC
What is the easiest class of sets outside REC?
—— enumerable sets.
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RE ={L: L is enumerable}
co-RE = {L: L is enumerable}

Note:L:set
L is enumerable <= L is semi-recursive
—there is a program A that semi-recognizes L.
X€2*, xe L «— A(x)=accept
xel = A(x)= 1

Note that the class co-RE is not complementary of the class RE.

Ex.3.8. Examples of sets belonging to class RE and class co-RE.

HALT € RE, HALT € co-RE
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RE and co-RE are equally “hard”

A:arbitrary RE set
we can write a program X such that
X€S[(xe A — X(x)=accept)A(x ¢ A — X(x)=_1)]
B:arbitrary co-RE set
we can write a program X such that
X€S[(xe B — X(x)=1) A(x € B — X(x)= accept)]

The above two programs are similar, and there is no difference.
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Theorem 3.6. For every set L, the followings hold:
(1) LeREC «— L € REC
(2) LERE «— L €co-RE

Proof:
(1) Le REC, then there is a program that recognizes L.
If we exchange accept with reject
accept =2 reject, reject 2 accept

then, the resulting program recognizes L.
So, L €REC

(2) is obvious from the definition of co-RE.
Q.E.D.
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Theorem 3.7. (1) REC & RE

(2) REC & co-RE

Proof: Omitted.
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begin A, M FEIEIELT
fort:=0to oo do reject&’E .

if HaltinTime(<A,>, x, t) then accept end-if;
if HaltinTime(<A,>, x, t) then reject end-if
end-for
end. A AR



Theorem 3.8 REC=RE m co-RE

Proof:
By Theorem 2,7 we have RECL] RE M co-RE
We want to show that Le REC for any L € RE mco-RE.
By the assumption, L € REand L e RE
—>there are a program Athat semi-recognizes L and
a program A,that semi-recognizes L.

Then, the following program B recognizes L. | if xelL,
A, stops before A,

prog B(input x); | and accepts x.
var t: num; iFxgL,
begin A,stops before A,

and rejects x.

fort:=0to o= do
if HaltInTime(<A;>, x, t) then accept end-if;
if HaltInTime(<A,>, x, t) then reject end-if
end-for

end. Q.E.D.
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Theorem 3.9. RE # co-RE

Proof:
If we assume RE=co-RE, we have RE=RE M co-RE.
Hence, by Theorem 3.8 we have REC=RE, contradicts to
Theorem 3.7.
Q.E.D.

RE co-RE
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3.4. Reducibility and Completeness

e Reducibility of a problem

...Measure of relative hardness of the problem
e Completeness of a problem in a class

...Most difficult problem in the class

Comparison of sets in the class RE by their “hardness”
If A is recursive but B is not recursive, then we can say that
B is harder than A.
Then, what about if neither A nor B is recursive?
<& comparison based on reducibility

A, B :sets
Reduce A to B € Replace the recognition problem of A with
the recognition problem of B.
(A is reducible to B)



BE, ADBNIFMANETTRIRE THAHLZTA < BERLIRT B.
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By A <_ B we express that A is recursively reducible to B.
(the min the suffix indicates recursive many-one reduction)
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e E{x, ZOMOEE
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Vxe X*[xe EVEN < h(X)e ODD]
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Ex.3.10
EVEN={[n]| :niseven}, ODD={ [n] :nisodd]
'n] is binary representation of n (n:natural number)

(%) = {[n+ﬂ if X = fn]
X, otherwise

This h, is obviously total and computable. Also,
Vxe X*[xe EVEN < h(X)e ODD]

Therefore, h, is a recursive reduction from EVEN to ODD.
~.EVEN <_ ODD

The same h, is also a recursive reduction from ODD to EVEN.

Vxe £*[xe ODD — h(x)e EVEN]
Vxe Z*[h(x)e EVEN - 3n>0[h(x)=[n+1|e EVEN]]

— 3In21[h(x)=|n+1]e EVEN]]

— 3In=>1[x=|n|e ODD]] —[xe ODD]
-.ODD <_EVEN




EVENMNSODDAMN Y- EBEHiAZETT
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le ODD, 10¢ ODD7=/H\i5
Xe EVEN — h(x)=1€ ODD
X¢ EVEN — h (x)=10¢ ODD
. Xe EVEN < h,(x)e ODD



Simpler reduction from EVEN to ODD

1 Xxe EVEN
h,(X) = |
10 otherwise

Since odd-evenness of a natural number is computable, so is h,.
Since 1e ODD, 10¢ ODD
xe EVEN — h,(x)=1€ ODD
X¢ EVEN —h,(x)=10¢ ODD
~.xe EVEN & h,(X)e ODD
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prog A(input x);
begin

if h(x)e B then accept else reject end-if
end.
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Proof:
A <. B => there is a recursive reduction h from A to B.
So, the decision problem of xe A = h(x) €B?
That is, the following program recognizes A.

prog A(input x);
begin

if h(x) € B then accept else reject end-if
end.

If B is recursive, there is a program that recognizes B.
—a program that determines h(x) € B
Now, we have a complete program A.
Thus, A is recursive. Q.E.D.



=
B ZoN-EEN“FICAZBWN CEETRT-ODHEERE
() A <pB B2 oy |COEIEEEAE
(i) AIGIFHAT TR, TR, BB T

IsProgram(a): a (7O 5L ADI—KM7?
{53.11: CHIFHETRELERTHS.

ZERO ={a: IsProgram(a) A VX[f a(x)=0]}

TOTAL = {a: IsProgram(a) A VX[f a(x) =L ]}
FEHDHE
ESIER Li=Hh>T,
HALT<_ZERO ZEROgREC (HALT¢REC&KY)

ZERO<,  TOTAL TOTALg¢REC (ZEROgREC&KY)



..

It suggests a method to show that a given set is “intractable”

(i) A <, B and

S _ ‘ If we can show such a set A, then
(ii) A is not recursive.

B is not recursive.

IsProgram(a): Is a the program code of A?
Ex.3.11: This problem is computable.

ZERO ={a: IsProgram(a) A Vx[f a(x)=0]}

TOTAL = {a: IsProgram(a) A VX[f a(x) =L ]}
Summarizing,

relation what follows
HALT < ZERO  ZEROg¢REC (byHALT¢REC)

ZERO<_ TOTAL TOTAL¢REC (byZERO¢ REC)



513.11, F¥3.13 > ZERO. TOTALIZ
REIZHco-REIZHESARLY,

(= R
ZERO ¢ RE HALT &€ RE. HALTU _ ZERO
ZERO ¢ co-RE HALT €& co-RE. HALTU _ ZERO
TOTAL ¢ RE ZERO ¢ RE. ZEROLU , TOTAL

TOTAL & co-RE ZERO ¢ co-RE. ZEROU  TOTAL



Ex.3.11, Theorem 3.13 - Neither ZERO or TOTAL belongs to

RE or co-RE.
property reason
ZERO % RE HALT & RE. HALT U  ZERO
ZERO é co-RE HALT & co-RE. HALT O n ZERO
TOTALE RE ZERO& RE.ZERO [] - TOTAL

TOTALE co-RE ZERO co-RE. ZERO O . TOTAL
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Reducibility a means of comparing hardness

A 1~ B— We can convert the recognition problem of A into that of B.

l
hardness of A < hardness of B

(A program recognizing B can be used to recognize A.)

def

A= B & AD,_BandBO A

1S an equivalence relation (equal hardness)
fA=_ B, we say that A and B are =,_-equivalent.



1513.13.
ZEROEZRE .+ .ZERO £ _HALT
(*.° ZERO <, HALT&ET & HALTE REZED T
ZEROE RELHYFIE)
—A.HALT < _ZERO
. ZEROIZHALTXYEIZELLY,

1513.14.
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=&AL EVEN(BHDES) EPRIME(RBDES) I
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EVEN =_PRIME
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Ex. 3.13.
ZEROEZRE .+ .ZERO £ _HALT
(*.* ifZERO < _HALT we have HALT € RE and
ZEROE RE, a contradiction)
On the other hand,HALT < _ZERO
.. ZERO is strictly harder than HALT.

Ex. 3.14.
All the recursive sets are recursively equivalent to each other.
For example, EVEN (set of even numbers) and PRIME
(set of primes) are recursively equivalent
EVEN = _PRIME
(both of them are equally hard in the sense that they are
recursive.)
both computable



“OZSAREDHB TrLHLIVEES " DESE
(one of the most difficult sets in RE)




Definition of “the hardest sets in the class RE”




(SERR)
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xe L &> Halt(<L, x>) e=<L, x> 0 HALT
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(Proof)
Since HALT & RE, the condition (b) is satisfied.
L:any RE set.
— a program L that semi-recognizes L.

for any xe 2 *
Xe L e Halt(<L, x>) &= <L,x>€ HALT

Thus, h(x)9ef<L, x> is a recursive reduction from L to HALT.
Q.E.D.
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HALT
HALT
ZERO
TOTAL
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2 HALT € co-RE

HALTAHIRE-

co-RETE&E
RE- %ﬁs co-RE
RE-EK 2 . co-RE

HALT < _ZERO.,
ZERO < _TOTAL




Ex.3.15 Using Theorem 3.16, we can show hardness of various sets.

Sets hardness reasons
HALT RE-complete Theorem3. 15
HALT co-RE complete HALT is RE-hard, HALT& co-RE
ZERO RE-hard. co-RE hard HALT <_ ZERO,

TOTAL RE-hard. co-RE hard ZERO < _ TOTAL
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(1)REC &RE
RECIXEMERE % =, DEHLETEALTLNS,
(2) DFERRITE D THRS,



H:an RE-complete set
H: “hardest set” in RE

REC: “easiest set” in RE _

(1)RECS RE
REC is closed under the equivalence relation =,..
(2) The proof is complicated, and so omitted.



