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Computation Theory/
Computational Complexity

e Goal 1:

— “Computable Function/Problem/Language/Set”

 We have two functions;
1. Functions that are not computable!
2. Functions that are computable.

e Goal 2:

— How can you show “Difficulty of Problem”

* There are intractable problems even if they are
computable!

— because they require too many resources (time/space)!
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4. Undecidability and Diagonalization

4. Undecidable problem

The following problem cannot be solved by any
Turing machine:

The problem HALT (Problem of deciding halting)
input:a code <T x> of Turing machine T and an input x
output: T will terminates for the input x?
Yes: if T(x) terminates
No: otherwise.

Precisely, we can show that there is no Turing machine U’ that
computes the halting problem.

...Proof is done by “diagonalization” essentially...



2.5 ST EAAIsELBEEL D 151

B DMEBEIZDWNTOREEIZFTERAIREICIRAZENZ L.
512.19. BEZ 5N 05 S LA E T HAEMMEZERHIZ0H?

Zero(a): al& 7 OY S LADO—KR T, EE DXL TLYDTHA(X)=0

ZerolXETHE AT HE. (a5 LEWNW DM IEFE
EX 3520)7°|:lO‘SAY(a,X)(t)ldJ’EﬁEEIﬁE ; M ? JEWS RIS AR IT
« BEESINF=7O55La—Ra&xIZRLT, ) \\_73:“75" .
AX)DMR TV T TLEEIMESINEEMLT TRYSLIFIRTYTE
- WFLHLGB1FH B [C1EFEDHH ? | EWDRIRE
IEFESHUNEGS0FH 7 HofElTS.
—_ G,
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2.5 Examples of incomputable functions

Predicates concerning on properties of functions are often incomputable.
Ex.2.19. Does a given program always output 0?

Zero(a): a is a code of program A, and A(x)=0 for any x.

Zero is incomputable.
The problem “does a given

program halts?” cannot be
solved, while the problem
“does a given program halts
after t steps?” is solvable.

The following program Y, ,(t) exists:
* For any fixed program code a and x,
e Simulate A(x) t steps, and

 Qutput 1ifit halts

 OQOutput 0if it does not halt

Now, we have;
Halt(a,x)="yes” = L tYg,, (t)=1 = Zero(y,,)="no”
Halt(a,x)="no” = L tY,,(t)=0 = Zero(y, ,)="yes”
Therefore, if Zero is computable, Halt(a,x) is also computable as follows:
* Construct a program code y,, ,, of Y, ,, from a,x, and
* Output the opposite of Zero(y,, ,)-

Since Halt is incomputable, Zero is also incomputable.
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Ex. 2.20 Is a given program total?

Total(a): ais a code of program A, and A(x)z[] for any x.

Given a program A, consider the following computation.
(1) Find all halt statements.=assume that it is halt(y).
(2) Rewrite as [if y20 then loop, otherwise output y and halt].
(3) For each halt statement, do the above.
Let B be the resulting program.
If the program A outputs other than O then it enters infinite loop.
i.e., unless A always outputs 0, B is not total.
The above conversion is computable=>»So is the following function
replace(a) = b, if ais a program code,
= a, otherwise,
where b is a code of the converted program B above.

On the other hand,] all 2*[Zero(a) < Total(replace(a))]

Therefore, if Total is computable, then Zero is also computable, a
contradiction. Total is incomputable.



TEIH3.9. RE # co-RE

sEBH -

RE=co-RE&{RTET H¢&, RE=RE M co-RE

TEIE

13.84&Y. REC=RE&AY, FIE

RE co-RE

13712 FfE.
sEEAF%



Theorem 3.9. RE # co-RE

Proof:
If we assume RE=co-RE, we have RE=RE M co-RE.
Hence, by Theorem 3.8 we have REC=RE, contradicts to
Theorem 3.7.
Q.E.D.

RE co-RE
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3.4. Reducibility and Completeness

e Reducibility of a problem

...Measure of relative hardness of the problem
e Completeness of a problem in a class

...Most difficult problem in the class

Comparison of sets in the class RE by their “hardness”
If A is recursive but B is not recursive, then we can say that
B is harder than A.
Then, what about if neither A nor B is recursive?
<& comparison based on reducibility

A, B :sets
Reduce A to B € Replace the recognition problem of A with
the recognition problem of B.
(A is reducible to B)
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Definition 3.4:
A, B:arbitrary sets
(1) A function his recursive reduction from A to B if
(a) his a total function from X* to X*
(b) Vxe Z*[xe A< h(x)e B]
(¢) h is computable.
(2) If there is a recursive reduction from A to B,
we say that A 1s recursively reducible to B.

By A < B we express that A s recursively reducible to B.
(the min the suffix indicates recursive many-one reduction)
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Ex.3.10
EVEN={[n]| :niseven}, ODD={ [n] :nisodd]
'n] is binary representation of n (n:natural number)

(%) = {[n+ﬂ if X = fn]
X, otherwise

This h, is obviously total and computable. Also,
Vxe X*[xe EVEN < h(X)e ODD]

Therefore, h, is a recursive reduction from EVEN to ODD.
~.EVEN <_ ODD

The same h, is also a recursive reduction from ODD to EVEN.

Vxe £*[xe ODD — h(x)e EVEN]
Vxe Z*[h(x)e EVEN - 3n>0[h(x)=[n+1|e EVEN]]

— 3In21[h(x)=|n+1]e EVEN]]

— 3In=>1[x=|n|e ODD]] —[xe ODD]
-.ODD <_EVEN
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Simpler reduction from EVEN to ODD

1 Xxe EVEN
h,(X) = |
10 otherwise

Since odd-evenness of a natural number is computable, so is h,.
Since 1e ODD, 10¢ ODD
xe EVEN — h,(x)=1€ ODD
X¢ EVEN —h,(x)=10¢ ODD
~.xe EVEN & h,(X)e ODD
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Theorem 3.12: Consider any sets A and B such that A<, B.
Then, B is recursive—>A is also recursive.

Proof:
A <. B => there is a recursive reduction h from A to B.
So, the decision problem of x€ A =» h(x) €B?
That is, the following program recognizes A.

prog A(input x);
begin

if h(x) € B then accept else reject end-if
end.

If B is recursive, there is a program that recognizes B.
—a program that determines h(x) € B
Now, we have a complete program A.
Thus, A is recursive. Q.E.D.
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..

It suggests a method to show that a given set is “intractable”

(i) A <, B and

S _ ‘ If we can show such a set A, then
(ii) A is not recursive.

B is not recursive.

IsProgram(a): Is a the program code of A?
Ex.3.11: This problem is computable.

ZERO ={a: IsProgram(a) A VX[ A (X)=0]}

TOTAL = {a: IsProgram(a) AVxX| A (x) =L ]}
Summarizing,

relation what follows
HALT < ZERO  ZEROg¢REC (byHALT¢REC)

ZERO<_ TOTAL TOTAL¢REC (byZERO¢ REC)
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Theorem 3.13. Consider any sets A and B such that A L], B.

Then, we have:
(1)B0 RE-> AL RE (Bisenumerable > soisA)

(2)B 0 co-RE=> A0 co-RE . -
(Remark) Their contrapositions:

(1) A€ RE > B¢ RE
(2) A¢ co-RE - B¢ co-RE

Ex.3.11, Theorem 3.13 - Neither ZERO or TOTAL belongs to

RE or co-RE.
property reason
ZERO & RE HALT € RE, HALT O ., ZERO
ZERO ¢& co-RE HALT & co-RE, HALT O, ZERO
TOTALEZ RE ZERO¢ RE,ZERO O, TOTAL

TOTALEZ co-RE ZERO¥ co-RE, ZERO [, TOTAL
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Reducibility a means of comparing hardness

A 1~ B— We can convert the recognition problem of A into that of B.

l
hardness of A < hardness of B

(A program recognizing B can be used to recognize A.)

Theorem 3.14. For any given sets A, B, C, we have
(1) AO_ A

(2) AO,_BandB[, CimpliesA, C

def

A= B & AD,_BandBO A

= _is an equivalence relation (equal hardness)
If A=_ B, we say that A and B are =, -equivalent.
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Ex. 3.13.
ZEROEZRE .+ .ZERO £ _HALT
(*.* ifZERO < _HALT we have HALT € RE and
ZEROE RE, a contradiction)
On the other hand,HALT < _ZERO
.. ZERO is strictly harder than HALT.

Ex. 3.14.
All the recursive sets are recursively equivalent to each other.
For example, EVEN (set of even numbers) and PRIME
(set of primes) are recursively equivalent
EVEN = _PRIME
(both of them are equally hard in the sense that they are
recursive.)
both computable
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Definition of “the hardest sets in the class RE”

Def. 3.5.
A set A is called RE-complete (under LI ) if the following

conditions hold
(a)OLORE [LO, Al
(no element of RE is strictly harder than A).
(b)A O RE

If a set A satisfies only (a) above, it is called RE-hard.
(meaning sets harder than any RE set)
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Theorem 3.15 HALT is RE-complete.

(Proof)
Since HALT & RE, the condition (b) is satisfied.
L:any RE set.
—> a program L that semi-recognizes L.

for any xe 2 *
Xe L e Halt(<L, x>) &= <L, x>€& HALT

Thus, h(x)9ef<L, x> is a recursive reduction from L to HALT.
Q.E.D.
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Theorem 3.16: Let A and B be arbitrary sets.
(1) [Ais RE-hard and A O ,, B] implies B is RE-hard.
(2)Ais RE-hard <> Ais co-RE-hard.

Ex.3.15 Using Theorem 3.16, we can show hardness of various sets.

Sets hardness reasons
HALT RE-complete Theorem3. 15
HALT co-RE complete HALT is RE-hard, HALT& co-RE
ZERO RE-hard. co-RE hard HALT <_ ZERO,

TOTAL RE-hard. co-RE hard ZERO < _ TOTAL
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H:an RE-complete set

H: h‘?rdest set” in RE 4 Under the reduction [ J
REC: "easiest set” in RE

Theorem 3.17.
(1)REC "H= ¢
(2)RE—(RECU H)z @

(1)RECS RE
REC is closed under the equivalence relation =,..
(2) The proof is complicated, and so omitted.



