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1238 Computation Theory

by
Prof. Ryuhei Uehara
Term I-1, April-May, 2018
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Computational Complexity

 Goal 1:

» “Computable Function/Problem/Language/Set”

* We have two functions;
1. Functions that are not computable!
2. Functions that are computable.

e Goal 2:

* How can you show “Difficulty of Problem”

* There are intractable problems even if they are computable!
* because they require too many resources (time/space)!
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Computational Complexity

e Goal 1: Graph Theory/Graph Problems/

Graph Algorithms
* Introduction to Graph Theory
* (Un)directed graph, multi-graph,
tree, planar graph
* Graph problems and graph algorithms
e Search Problems: Euler cycle,
e Goal 2: minimum spanning tree

» “Computable Function/Problem/Language/Set”

* Technical terms;
computability, diagonalization

* How can you show “Difficulty of Problem”

e Technical terms;
The class NP, P£NP conjecture, NP-hardness, polynomial time reduction
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Super Introduction to Graph Theory

* A graph consists of a set of vertices joined by edges
e (Undirected) graph: each edge has no direction
* Directed graph: an edge has a direction

Ex: Railways Ex: Relationship between courses
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Graph: Notation

It is common to denote by

|V|=n, |E|=m.

e Graph: G=(V, E)

e V: Vertex set, E' Edge set _
* Vertex: u, v, // Ueno
. Edge e= {u v& E (undirected) rebuk \

= (u, v) E (directed) Shunjuky/ ebuuro
. Sometlmes vertices and edges may -
have ‘ welghts \ /
* w(u), w(e) \
* Distance, cost, time, etc. " - = Tokyo

* Degree of a vertex
* Undirected graph:
The number of edges incident to a vertex v
denoted by deg(v)
* Directed graph:
Indegree and Outdegree are distinguished
denoted by, e.g., indeg(v), outdeg(v)
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Graph: Basic terms (1/2)

* Path: a sequence of vertices joined by edges
e Simple path: It never visit the same vertex twice or more

e

* Cycle, closed path: a simple path from vto v

* Connected graph: graph s.t. any two vertices are joined by a path
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CHBIY 57 (planar graph): IBDXR EGEL TCERICHEITESY 57
FmY F7(plane graph) : { @ EFHROEDF @Y F7)

S22 57 (complete graph): E TDIER X Z A TiESE=7357
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@® planarity.net/game.htmi?size=sma

htt p ://p | a n a rltv' n et/ P|ana|’i1.’y Created by John Tantalo
( It iS d a n ge rO U S fO r StU d e ntS @ ) Instructions: Arrange the vertices such that no edges overlap.

Graph: Basic terms (2/2)

 Forest: graph having no cycle (or acyclic)
* Tree: connected acyclic graph
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* Planar graph: a graph drawable with no crossing of edges

 (Plane graph: Planar graph with plane drawing)

 Complete graph: graph s.t. all pairs are joined by edges
* A complete graph K; is a minimal non-planar graph

15
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Exercise:

BaS|C propertles Of graphs Consider directed

version

Theorem (Handshake lemma): For any undirected graph G=(V,E),

Z deg(v) = 2|E|
[Proof] Each edge contributes twice to the left hand at its both endpoints.

Theorem: The number of edges of a tree of n vertices is n-1
[Proof] Omitted.

Theorem: The number of edges of a planar graph of n vertices is at most 3n-6

[Proof] Omitted. Exercise:

Prove that there exists at least one leaf
(vertex of degree 1) in any tree.
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Computational complexity of graph algorithms

* n vertices, m edges, ml1 O(n?)
* Undirected graph: m U n(n-1)/2
 Directed graph: m [0 n(n-1)

O-notations will be taught soon.
e On a planar graph, m J O(n)

* Computational complexity of a graph algorithm is described by a
function of n and m.
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0000 0000 0101 0101

Finite control

Finite

control 0000 0001 (0000 0000

00000010 11111111 Program counter: PC
00000011 11001100
00000100 111000011
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b
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S U p p | CO m p utat I onm Od e | S . ::)chjf:sg?fference is “trivial” issue in this

« We will learn how to deal it soon.

* Turing Machine = RAM Model = Real Computer

Real PC
Turing Machine RAM Model
Address Data
Finite 0000 0000 [0101 0101 »
control 00000001 (0000 0000 Finire control
00000010 11111111 Program counter: PC
00000011 1100 llﬂﬂf ’
00000100 (11000011
readywrite - Eea:r
head ™ o .
| m infinibestepe * Computational
(T T TTT T I T T TTTT1] e :
11111111 [T111 0000 Complexity
: * Algorithm
« Computation U Input/O_utput
 Computational are not issue.
complexity Random Access

Various of basic operations
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Representations of a graph

* Adjacency matrix

o = -

0
M = 0
\0
* Adjacency list
VL O
= 4
3 ~
\
. 2

vertices Linked list of adjacent vertices

o 4

o o o -

O —= = 0O

)

4
5 O

3
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Representation of a graph:
Matrix representation (adjacency matrix)

*(u,v)0 EO My, v]=1 Lt isde:sy;cjo
. ~ extenda to eage-
(u,v) € EOD M[u,v]=0 weighted graph.
1 (O 1T 1 O\
¢ |00 0
2%@ 10 1T 0 1
\0 0 0 0/
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Representation of a graph:
List representation (adjacency list)

*(u,v) E = vl T(u) It is easy to
* T(u) is the list of neighbors of u extend to vertex-

weighted graph.

* Example:
1 D 2 > 3
1
@%04 o
4
2 3 ~
\ .
2 >
3 4

Vertices List of neighbors

27
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Adjacency matrix v.s. Adjacency list

* Memory
» Adjacency matrix: ©(n?)
* Adjacency list: ©(m log n)
* Time to check if (u, v) LU E?
* Adjacency matrix: ©(1)
* Adjacency list: ©(n)

Q. How about update of the graph?
(e.g., Add/remove of a vertex/edge)

29



== ;EE (Some exercises)

-

« ERBADERT 5 T7% 2Tl (Draw all undirected graphs of 4

vertices)
e THERIZOANILIEEELE D EF B (Each vertex has no label)
c HMEAZTEANIEEUIZAEDEDIEEL(“Same” graphs should be reduced)
e cof. 75 7DREIEE(Graph Isomorphism)
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(Prove the number of undirected graphs of n vertices is at most 2" .)



