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Computational Complexity

e Goal 2:

— How can you show “Difficulty of Problem”

* There are intractable problems even if they are
computable!
— because they require too Many resources (time/space)!
 Technical terms;
The class NP, P#NP conjecture, NP-hardness, reduction
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5. Computational Complexity

5.1. Time Complexity Classes

5.1.3. Time complexity of a problem

Definition: For a function t(n) over natural numbers, the set of all sets
(i.e. recognition problems) with time complexities O(t(n)) is
called O(t(n))-time complexity class, and it is denoted by TIME(t(n)).
Such a function t(n) is called a time limit.

5.2. Representative time complexity classes

P = Up:polynorﬂilzyllE(p(/))

l } TIME(2¢)
c>1

EXP =k ) TIME(2°P1)
p:polynomial

E

Cset: setinthe complexity class C.
C problem: problem of recognizing a C set.
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5. Computational Complexity
5.3. Class NP

5.3.*%. Nondeterministic computation

Some problems (like 3SAT, DHAM, etc.) have

a common and natural property;

e once you get a solution, you can check it efficiently

 without solution, it seems to be quite difficult; you
may check all possibilities

* Many natural problems have this property in

the real problems.

* This property leads us to the notion of
“nondeterministic computation”
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5. Computational Complexity

5.3. Class NP

5.3.*%. Nondeterministic computation
“Nondeterministic computation”
* From the viewpoint of Function:

input X —) r memmmm) output y (0 or 1)

t “witness” w

L is called an NP set if there is a function F s.t.
1. For each x, there is a binary string “witness” w s.t.

2. |w]| is bounded by a polynomial of | x|
3. Frecognizes xLJ L with w in polynomial time of |x| and |w|

c.f.:NP=Nondeterministic Polynomial
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5. Computational Complexity
5.3. Class NP

5.3.*. Nondeterministic computation Such a string
w is called

" L. o
Nondeterministic computation “witness”

* From the viewpoint of Logic:

Suppose that we have a polynomial g and
polynomial time computable predicate Rfor a set L such that

for each xe X, xe L < Iwe X" ;| w[< q(| X|)[R(X, W)]
l.e.,

L = {x:3we Z*[|w[= q(| X|) A R(X, W)]}
Then, L is called an NP set, and the problem of

recognizing L is called an NP problem.

Also, the whole set of NP sets is called the class NP.
c.f.:NP=Nondeterministic Polynomial
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5. Computational Complexity

5.3. Class NP o
A “nondeterministic choice”

5.3.*. Nondeterministic computation | isa kind of parallel computing

that generates two branches.

“Nondeterministic computation”
* From the viewpoint of Turing Machine:

Suppose that Turing machine has “nondeterministic choice”
that admits us to two possible choices at the same time;
i.e., it has “one of two cases (0) and (1)” statement.

* A nondeterministic choice allows to assume of two choices
and it will be “true” if “at least one of them is true”.

Then, NP problem L can be recognized by a
nondeterministic Turing machine in polynomial time.

c.f.:NP=Nondeterministic Polynomial
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5. Computational Complexity
5.3. Class NP

5.3.*%. Nondeterministic computation

* From the viewpoint of the computation tree of
a Turing Machine:

e Computation tree of a deterministic Turing machine forms a path;

initial state accept/reject state

* Computation tree of a nondeterministic Turing machine forms a tree;

initial state

» each computation halts in an accept/reject state or loop.
* it accepts if the tree has at least one “accept” in poly-length.
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5. Computational Complexity

The witness w
5.3. Class NP gives the right

5.3.*. Nondeterministic computation choices

* From the viewpoint of the computation tree of

a Turing Machine:
* Computation tree of a nondeterministic Turing machine forms a tree;

initial state

each computation halts in an accept/reject state

An NP problem L is recognized by a nondeterministic Turing
machine in polynomial time. That is, there is a computation
path to an accept state of length polynomial of n.
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5. Computational Complexity
5.3. Class NP

5.3.*. Formal definition of nondeterministic Turing
Machine

Formal definition of deterministic Turing machine
(again):
A Turing machine is a 7-tuple (Q, £, T, §, q, q, q,), where
Q is the set of states,
2 is the input alphabet not containing the blank b,
[is the tape alphabet, where bl I'and 21 T,
6:Q X T->Q XTI X{L,R}is the transition function,
q,L! Qis the start state,

q,lJ Qs the accept state, and
q,lJ Qis the reject state, where q,#q,
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5. Computational Complexity

5.3. Class NP

Deterministic Turing machine:

A transition is:
* Determined by the function 6:QXT->Q X T X {L,R}

Nondeterministic Turing machine:

— A transition is :
* Determined by the function 6:Q X [—-2Q**{LR}

Many “next states” can exist for each state.
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5. Computational Complexity

5.3. Class NP

Deterministic Turing machine:

— A deterministic computation:
* |t starts from the start configuration q,
* makes transitions on a given tape string, and
* halts when it reach to g, or q..
* Itacceptson q, orrejects on q.

Nondeterministic Turing machine:

— A nondeterministic computation :
* |t starts from the start configuration qy,
* makes transitions on a given tape string, and
* halts when it reach to the set of states that contains q, or q..

* It acceptson q, orrejectson Q.
— Itis not essential the case that the set contains both
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5. Computational Complexity

5.3. Class NP

Definition of the class NP by using nondeterministic
Turing machine:

 AsetLisinthe class NP if and only if there are a
nondeterministic Turing machine M and a polynomial g
such that:

xJ L = M accepts x at most g(|x|) time.
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5. Computational Complexity

5.3. Class NP

5.3.1. Representative NP problems

* Hamiltonian cycle problem (DHAM)
Input:<G>: a directed graph G
Question: Does G have a Hamiltonian cycle?

* We can certainly check all possible
permutations of n, that counts
uptonl~n"...
it takes exponential time.

* If G has a Hamiltonian cycle C, and

we have it as a witness, we can check
that it surely a Hamiltonian cycle.
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5. Computational CompIeX|ty

5.3. Class NP

5.3.1. Representative NP problems

* Hamiltonian cycle problem (DHAM)
Input:<G>: a directed graph G
Question: Does G have a Hamiltonian cycle?

* We can certainly check all possible
permutations of n, that counts
uptonl~n"...
it takes exponential time.

* If G has a Hamiltonian cycle C, and

we have it as a witness, we can check
that it surely a Hamiltonian cycle.
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5. Computational Complexity

5.3. Class NP

5.3.1. Representative NP problems

e SAT, kSAT, ExSAT (Satisfiability)
Input:<F> Fis conjunctive normal form
Question: Any assignments. t. F(a,, a,, ..., 0, ) =17

* If Fis satisfiable by an assighment A, and we have it as
a witness, we can check it in polynomial time by
the same way as the PROP_EVAL.

* We can certainly check all possible assignments of (a,, a,, ..., a,).
The assignments are 27, that takes exponential time.
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5. Computational Complexity

5.3. Class NP
5.3.2. Another aspect of the NP problems

* What does it mean by being an NP set?
* Using g and R satisfying the predicate characterizing an
NP set, we can determine “x1 L?” in the following way.

for each we X590 4o
if R(x, w) then accept end-if

end-for;
reject;

If we enumerate and check all possible strings of length at most

g(|x|), we can accept or reject them.
Here note that there are 29(x1) (exponentially many) such strings.

We may think that those sets recognizable as above are NP sets.
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5. Computational Complexity
5.3. Class NP

5.3.3. More representative NP problems
* Knapsack Problem (KNAP)

Input: n+1 tuple of natural numbers<a,, a,, ..., a,, b>
uestion: Is there a set of indices S {1, ..., n}s.t. . =p?7
Q { } Z:ieSa1 b

* Bin Packing Problem (BIN)

Input: n+2 tuple of natural numbers<a,, a,, ..., a,, b, k>

Question: Is there a partition of a set of indices U={1, ..., n}
. -
into U,, ..., U, such that Zier a <b foreach;:

* VVertex Cover Problem (VC)

Input: pair of undirected graph G and natural number k <G, k>
Question: Is there a vertex cover of k vertices over G?

Vertex Cover S contains at least one of u and v for each edge {u,v}.
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5. Computational Complexity
5.4. Class coNP

Definition
A set L is in coNP if and only if its complement belongs to NP,

Theorem
For every set L, the following conditions are equivalent.
(a) L[] coNP
(b) The set L can be represented as
L ={x:Vwe X*: |w|< q(| x D[Q(X, W)]}
by using some polynomial g and polynomial-time
computable predicate Q.

[Note] It is nonsense to define coP since it is equal to P.
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5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem P[] E L[] EXP

We have a proper

] o hierarchy
Proof: Obvious from the definition.
EXP
Theorem P& E G EXP e
Proof: Out of scope in this class... -

(Brief idea: We can use diagonalization
to show a hierarchy theorem that says
TIME(t,(n)) & TIME(t,(n))
for, e.g., (t,(n))*=0(t,(n))).



SETE=DER
55.5F 2= ADRER

EH
(1)P OO NP, P I coNP (00 P [0 NP N coNP)
(2)NP [0 EXP, coNP [J EXP (CJ NP [J coNP [ EXP)

=1 BA (1BERR):

(1) PO NP (PO coNP £, [E#%)
NPDEZEDFDIGEHLIZEMBFT NI,
POTEERLBMELZEDNFLOND.

(2) NPO EXP  (coNPO EXP £ REI#K)
RKEMDTARTHOIXFFZHLT
TNDEREMDIEER IWIZIEEMNE > I E

ERERMNTTFovITNIELLY




5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem
(1)P L NP, PLJ coNP (LI PLJ NP n coNP)
(2)NP 0 EXP, coNP [1 EXP (0 NP [0 coNP [ EXP)

Proof (Outline):
(1) PLI NP (P L coNP is similar)
lgnoring the “witness” in the definition of NP,
we immediately obtain the definition of P.
(2) NP EXP (coNPL] EXP is similar)
For the “witness” w of length m, we can check all possible
strings of length m in exponential time.
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5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem

(1) NP 1 coNP > NP = coNP
(2) coNP LU NP > NP =coNP
(3) NP #coNP = P #NP

Note: From (3), proof for NP # co-NP is harder than that for P # NP.

Proof :
(1) NP [J coNP = NP = coNP
By assumption, it is sufficient to show that coNP [ NP.
We will prove LLI NP_for any LLI coNP.
L[] coNP = L[] NP (by Definition)
> 10 coNP (NP co-NP) _
- LO NP (Definition and L=L )
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5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem

(1) NP 1 coNP > NP = coNP
(2) coNP LU NP > NP =coNP
(3) NP #coNP = P #NP

Note: From (3), proof for NP # co-NP is harder than that for P # NP.
Proof: (3) NP # coNP = P # NP

Contraposition: P = NP = NP = coNP

If we assume P=NP, for any L we have
LONP = LOP (P=NP)
-~ LOP (P=coP)
- LONP (P=NP)
= L (=Z)D coNP (Definitions of NP/coNP)
[1 NP =coNP Q.E.D.
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5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem

(1) NP 1 coNP > NP = coNP
(2) coNP LU NP > NP =coNP
(3) NP #coNP = P #NP

We strongly believe that P # NP, and then we have

& ™ 4 "
EXP EXP




