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Theory of Advanced Algorithms

Goal: Master various techniques of algorithms
* Divide and Conquer B
* Greedy algorithm ml Basic Techniques
* Prune and Search

* Linear Programming

* Dynamic Programming
 Randomized Algorithm
« Approximation Algorithm_

Useful Technique

—

g Analysis of Algorithm

Subgoal : Recent trend in Computational Geometry
« Computational Origami: Application of techniques above
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Algorithm

=procedure to solve a problem correctly
* to find a correct solution for any input
- to terminate in all cases

* no ambiguity in its description

Program
= description of algorithms in computer languages
or simply a sequence of instructions

Algorithms based on sudden thought
: lack of knowledge of algorithm design schema

Algorithms without any consideration

: no analysis on behavior of algorithm

* equation to estimate computation time

best case, worst case
" equation to estimate storage required
* validation of correctness of algorithms

6/46
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BEPO: B ICEZAONT-nBDT—2DR&R/IMEZRDH L.

o 1 2 3 4 5 6 7 8 9
al17 13219122128 |16|18|20|39 |31

7 ILT1) X LsP0-A0:
min=9999;
for( 1=0; 1<n; 1++)
1f( a[1] <min ) min = a[1];
return min;

T—ALLLE R (InE]. FHEBREIZOM).

TARTODT—EFH99LU TG, ELLHE/IMEMNKRZES.
10000LL EDENEENSHEI9DH HENnS.
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Minimum Value

Problem P0:Find a minimum value among n data in an array.

o 1 2 3 4 5 6 7 8 9
al17 13219122128 |16|18|20|39 |31

Algorithm P0-AQ:
min=9999;
for( 1=0; 1<n; 1++)
1f( a[1] <min ) min = a[1];
return min;

number of comparisons i1s n. computation time 1s O(n).

If all data are at most 9999, then the minimum value 1s found

correctly, but 9999 is output otherwise. 2/46



&/IME

BEPO: B ICEZAONT-nBDT—2DR&R/IMEZRDH L.

o 1 2 3 4 5 6 7 8 9
al17 13219122128 |16|18|20|39 |31

7 LT X LPO-AL:
min=a[0];
for( 1=1; 1<n; 1++)
1f( a[1] <min ) min = a[1];
return min;

T—ALLE A [dn-1[B
=z IEL(E—/J\FET’&;}?&)%)

TEHFFE X O(n).

n||||
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Minimum value

Problem P0:Find a minimum value among n data in an array.

o 1 2 3 4 5 6 7 8 9
al17 13219122128 |16|18|20|39 |31

Algorithm P0-A1l:
min=a[0];
for( 1=1; 1<n; 1++)
1f( a[1] <min ) min = a[1];
return min;

number of data comparisons 1s n-1. computation time 1s O(n).
Minimum value is always found correctly.
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BEPO: B ICEZAONT-nBDT—2DR&R/IMEZRDH L.

o 1 2 3 4 5 6 7 8 9

al 17321192228 |16| 18|20 |39 |31
Min(i) = a[0] - a[i|D&/IME, EEET D&,
Min(0) = a[0];
Min(1) = min( Min(i-1), a[1]) for 1>0
NZzTOJSLICEY E
FILT X LP0-A2: _

FTEEFEIE?

int Min(int 1){

h

1f(1==0) return a[0];
else 1f(a[1] < Min(i-1) ) return a[1];
else return Min(i-1);

main T cout << Min(n-1) &9 %.

Min(i-1)% 2 B[ FE )
HI ERMEHEL

BRI ?
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Algorithms based on Recursion

Problem P0:Find a minimum value among n data in an array.

o 1 2 3 4 5 6 7 8 9
al17 1321922281618 20|39 |31
Define Min(1) = minimum among a[0] - a[1], then

Min(0) = a[0];
Min(1) = min( Min(i-1), a[1]) for 1>0
Converting the above into a program:

Algorithm P0-A2:
int Min(int i) { Computation time?
if(i==0) return a[0]; If Min(i-1) 1s called
else if(a[i] < Min(i-1) ) return a[i]; twice, then it is not
else return Min(1-1); efficient.
} .
main T cout << Min(n-1) &9 %. Analysis? 12/46




F7ILT1) X LP0-A2:
int Min(int 1){
1f(1==0) return a[0];
else 1f(a[1] < Min(i-1) ) return a[i];

HEMRE: 7)ILOYX L
PO-A2ZZEEL, %
FEMND L.

else return Min(i-1);

)
main T cout << Min(n-1) &9 %.

STERBZETNERT &,
T(n)=2T(n-1)+c
clEXTEEL.
T(m)=2T(n-1)+tc=2(2T(n-2)+c)+c=2°T(n-2)+(2+1)c
=2"1T(n-(n-1))+(2"2+...+2+1)c = O(2")
EIEY), FEHERMAN > TLESIRIRELHS.

SERIE: 7 LT X LPO-A2H SR > TLES &S5
AHEEEMIZER & e




Algorithm P(0-A2:
int Min(int 1){
1f(1==0) return a[0];
else 1f(a[1] < Min(i-1) ) return a[i];

Exercise : Implement the
algorithm P0O-A2 to see its

behavior.

else return Min(i-1);

h

main contains cout << Min(n-1).

If we denote the computation time by T(n), then we habe
T(n)=2T(n-1)+c
where c 1s a constant.
T(n)=2T(n-1)+tc=2(2T(n-2)+c)+c=2°T(n-2)+(2+1)c
=2"1T(n-(n-1))+(2"2+...+2+1)c = O(2")
This suggest some possibility of exponential time.

Exercise: Give an input such that the algorithm P0-A2 requires
exponential time. L4746
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FOHSTENEIITEE.

Min(i-1)DEZZEBICEFZ THL.

7IL31) X LP0-A3:
int Min(int 1){

minsf = Min(i-1);

else return minsf;

h

1f(1==0) return a[0];

if(a[1] < minsf ) return a[1];

main T cout << Min(n-1) &9 %.

AR DR
T(n) =T(n-1) +c.
L7=h'>T, T(n) = O(n).

MIZLBIRMGETZILIO)XLIZEZZONSD?
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Then, how can we avoid exponential time?
The same function should be never called twice.
Store the value of Min(i-1) in a variable.

Algorithm P0-A3: Computation time
int Min(int 1) { T(n) =T(n-1) +c.
if(i==0) return a[0]; Thus, T(n) = O(n).
minsf = Min(1-1);
1f(a[1] < minst ) return af1];
else return minsf;

h

main contains cout << Min(n-1).

Any other recursive algorithm?
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/H BZzont=EIZrIFERFI1257FI0,
7 LT X LPO-A4: ZNENTHERIICR/MEZ RS
int find min(int i, int j){ "oN2DDH/MED/NENHZEEZD

1f(1==)) return a[1];

int x1 = find min(i, (i+))/2);
int x2 = find min((1+y)/2+1, j);
1f( x1 <x2) return x1; else return x2; 10,9]

b .

main() [0.4] [5.9]

cout << find_min(0, n-1); /

; AR A [

T peeE. F—4sr | |[01]] |2

B ¥%ERD L. /A
0] |1
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Divide-and-Conquer
Algorithm P0-A4:
int find min(int 1, int j){

Divide an array into two halves, find
minimum values recursively, and output
the smaller one of the two.

1f(1==)) return a[1];

int x1 = find min(1, (1+)/2);

int x2 = find min((1+})/2+1, j);

1f( x1 <x2) return x1; else return x2;

[0,9]

main(){ 0.4] [5.9]

.c.(.)ut << find min(0, n-1); /

[0,2] [3,4] [5,7]] | [8,9]

} [N LA
Exercise: Analyze the [0,1]) 2] [3]]4 6] 8|19

number of comparisons. ./ \.
0|1

U]'\l;
O’\/
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BIREPL: EEHIZEBZON-nBDT—2ZFNZTNIZDIT,
HRLUE(BDLEHOTODEZDHROERE/IMEZRD L.

o 1 2 3 4 5 6 7 8 9
al17 3219122281618 20|39 |31

171171171171 17]16]16]16]16]16

7L X LsP1-A0: e 03 -
Imin[0] = a[0]; TARTHEZHRIZDLNTREIREPO
for(i=1; i<n; i++) { I H7ILTY X LEER.
min=a[0];
for(j=1; j<=i; j++) e s i
if( afi] < min ) min = aj] n'fiﬁ)laaﬁ [XBA M
Imin[1] = min;
;
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Problem P1:For each datum from n data in an array find
the minimum value among those to its left (including itself).

0O 1 2 3 4 5

6

7 8 9

aj17 132192228 |16

18

20139 | 31

1711711711717 16

16

16 16|16

Algorithm P1-A0:
Imin[0] = a[0];
for( 1=1; 1<n; 1++) {
min=a[0];
for(=1; j<=i; j++)
1f( a[j] <min ) min = a[j];
Imin[1] = min;

;

Brute-Force algorithm:
Apply the algorithm for the
problem PO for each element.

Computation time 1s obviously
O(n?)

20/46



BREPL: BRHICEZ SN -nBOT—2FNETNIZDINT,
HAKYE(BDLVEOTODERDOFOR/IMEEZRD L.

0 1 2 3 4 56 7 8 9
al17(32]19(22|28 (16|18 (20|39 |31

171171171171 17]16]16]16]16]16

\ 4
Mmin[i-1] afi]

Imin[i] = min(Imin[i-1], a[i)) CHAEIZFEBH THE

7L X LsP1-Al: .
Imin[0] = a[0]; =T E R &
for( i=1; i<n; i++){ O(n)
min=Ilmin[1-1];
if(a[1] < min) min = afi];
Imin[1] = min;

} 21/46




Problem P1:For each datum from n data in an array find
the minimum value among those to its left (including itself).

o 1 2 3 4 5 6 7 8 9
al17 3219122281618 20|39 |31

1717171717116 |16|16 |16 |16
N g /
Imin[1-1] a]1]

If we note that Imin[i] = min(Imin[i-1], a[i])

Algorithm P1-A1l:
Imin[0] = a[0];
for( 1=1; 1<n; 1++ ){
min=Ilmin[1-1];
if(a[1] < min) min = a[i];
Imin[1] = min;
} 22/46

Computation time 1s
O(n)




BIREP2  nfE D T—2HEHa[[[CBFAON TS LEE,
XM [p,ql (0=p<q<n) TR LTEFEHE (RKEE)
a[q] - a[p] DERKIEZRD K.

o 1 2 3 4 5 6 7 8 9
al|l7(32]19(22|28|16|18|20|39]31

alp] alq]

TARTORMZEHINZELT, mRKRORMEZFZRONIE KLY,

7 ILT) X LiP2-A0:
maxsf=0;
for( p=0; p<n-1; p++)
for(q=p+1; q<n; q++)
if(a[q] - a[p] > maxsf) maxsf = a[q] - a[p];

2EIIL—T DEELGTDT, STERREIXOMm?)
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Problem P2: When n data are stored in an array aj],

find the maximum value of an interval difference a[q]-a[p]

for an interval [p,q], where 0 = p<q<n.

0 1 2 3 4 5 6 7 8 9

al17132119(22(28|16|18(20|39 |31
| |

alp] alq]

Find the largest interval difference by enumerating all intervals.

Algorithm P2-A0:
maxsf=0;
for( p=0; p<n-1; p++)

for(q=p+1; q<n; q++)
if(a[q] - a[p] > maxsf) maxsf = a[q] - a[p];

Double loop structure ==> computation time is O(n?).

24/46




pEqDIEFEZ ANB A TIL—THFERIL TH DL,

2: fOr( q:l; q<Il; q++ ) fljiﬁﬁiggfogf‘-(—ﬁ(—
. —()- . - , 1RIE j = -
30 for(p=0; p<q; p++) EERITOVTEHSEYETD
4 if(a[q] - a[p] > maxsf) B/IMEZOM) BRI TRHT
5 maxst = a[q] - a[p]; BITIE, COEBPEEEILATRE.

7IL31) X LP2-Al:
7 LY X LP1-A1Ta[0]~a[q-1]D

B /MEFImin[q-11ELTRHTHL. 4] DR TV EO(n).
maxsf=0; ZYDETEHOM).
for( g=1; q<n; g++) £2T, EARTHLOM).

if(a[q] - Imin[g-1] > maxsf)
maxsf = a[q] - Imin[g-1];

RODERS Imin[|Z{FEHT IZRICZEMTESLM?
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Reconstructing the program by exchanging the order of p and q

1: maxst=0;

2: for( g=1; q<n; q++)

3: for(p=0; p<q; p*++)

4 if(a[q] - a[p] > maxs{)
5 maxsf = a[q] - a[p];

Algorithm P2-Al:

Find the minimum value among
a[0]~a[qg-1] as Imin[g-1] by the
algorithm P1-A1.
maxsf=0;
for( q=1; q<n; q++)
if(a[q] - Imin[g-1] > maxs{)
maxsf = a[q] - Imin[g-1];

The lines3-5 find the minimum value
of a[0]~a[qg-1]. Thus, this part can be
simplified if for each element the
minimum value to its left is available
as in Problem 1.

The first step takes O(n)
time. The computation of
the remaining steps 1s also
O(n). Thus, the total
computation time is O(n).

Is 1t possible without any auxiliary array Imin[]? 26/46



FILT) X LiP1-Al:
Imin[0] = a[0];
for( g=1; q<n; q++)
min=lmin[q-1];
if(a[q] < min) min = a[q];
Imin[q] = min;

;

maxsf=0;

for( g=1; q<n; q++)
-1] > maxsf)

1f(a[q] - Imin[q
maxsf = a[q]

- Imin|[g-1];

NoZTHAEDHOEDIERDTIVTIX LZEFS.

7 ILTY X LP2-A2:
maxsf=0;min=a|[0];
for( g=1; q<n; g++ ){

if(a[q] - min > maxsf) maxsf = a[q] - min;

if(a[q] < min) min = a[q];

;

AT E R

S )L—T1=Hh0

1E

O(n)
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Algorithm P1-A1l:
Imin[0] = a[0];
for( g=1; q<n; q++)
min=lmin[q-1];
1f(a[q] < min) min = a[q];
Imin[q] = min;

;

maxsf=0;
for( g=1; q<n; q++ )
if(a[q] - Imin[g-1] > maxsf)
maxsf = a[q] - Imin[q-1];

Combination of the two algorithm leads to the following algorithm.

Algorithm P2-A2:
maxsf=0;min=a|0];
for( g=1; q<n; q++ ){

if(a[q] - min > maxsf) maxsf = a[q] - min; | Computation time

if(a[q] < min) min = a[q];

;

Single loop
=> 0(n)

28/46



BIEP3 (R KXMEH) : nf@DT—2HMEHa[][CBALN TS

EE,

X [El[p,qll=xt 9 B F0(
Fa[p]~a[qDFEEET H. —DET,

X & #0) sum(p, )%, TDXEANDE
XERFINEmRKIEZKRD K.

0

1

2

3 4 5 6 7 8

9

q| 10

-9

-5

121-3 110

-8

11| -8

-2

0O 1 2

3 4 5

6 7 8 9 |4

©Ooo~NO Ul WwWDNPEO

10 1

-4

-9 -14

-5

8 5 15
-2 -5 5
/7 4 14
12 9 19
-3 7

10

/7 18 10 8
-3 8 0 -2
6 17 9 7
1122 14 12

-110 2

213 5 3
-8 3 -5 -7
11 3 1

-8 -10

0

2 29/46




Problem P3 (Largest Sum Interval) : Given n data in an array a[],
a sum interval sum(p,q) for an interval [p,q] 1s defined as the sum of
clements a[p]~a[q]. Find a largest sum interval for a given array.

O 1 2 3 4 5 6 7 8 9
all0/-9-512|-3 /10| -8 |11 |-8|-2

0O 1 2 3 4 5 6 7 8 9 |q
010 1 4 8 515 7 18 10 8
1 -9-14 -2 -5 5 -3 8 0 -2
2 -5 7 414 617 9 7
D 3 12 9 19 1122 14 12
4 -3 7 -110 2 O
3 10 213 5 3
6 -8 3 -5 -7
I 11 3 1
3 -8 -10
9 _2 30/46




BIEP3 (R KXMEH) : nf@DT—2HMEHa[][CBALN TS

EE, X E[p,q]l<x 9 HF0(

X RF0) sum(p, q)zr, TDRXRINDE

Fa[p|~a[qPIMEEERTD. CDEE, REIFIOFKEEZRD L.

FRTO

XEZDLNTH LT 5

XEFZRDHNIE KL,

7ILT1) X LP3-A0:

maxsum=0;
for(p=0; p<n; p++)

for(q=p;

q<n; q++){

// R [p,q] TOFIsumZxK&H 5

sum=0;
for(i=p; i<=q; i++)
sum = sum + a[i];

1f(sum > maxsum) maxsum = sum,;

;

T ERFME
SEIL—TEhB
O(n?) B fHE]
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Problem P3 (Largest Sum Interval) : Given n data in an array a[],
a sum interval sum(p,q) for an interval [p,q] 1s defined as the sum of
clements a[p]~a[q]. Find a largest sum interval for a given array.

It can be computed by computing the interval sum for every interval.

Algorithm P3-A0:
maxsum=0;
for(p=0; p<n; p++)
for(q=p; q<n; g++){
// find the interval sum 1n an interval [p,q]
sum=0;
for(i=p; i<=q; i++)
sum = sum + a[i];
1f(sum > maxsum) maxsum = sum,;

;

Computation time:
triple-loop=>
O(n?) time

32/46
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Detailed analysis

ZE;IOZS;IP _pc = Z Zg_lp (q-p+1)c
n-1
= 2p=oc<<1/2>n<n-1>-p<p-1>>/2-<p-1)(n—p)c=0<n3>

(Improvement)
If we fix the left endpoint p of an interval,
the right endpoint moves tot he right one by one.
The interval sum 1s affected only by the rightmost
element a[q].

This update is maintained in O(1) time.

34/46



R RLETE TOEERZHIRIT D&

7ILT) X LP3-Al:
maxsum=a[0];
for(p=0; p<n; p++){
sum=0;
for(q=p; q<n; q++){
sum = sum + a[q];

} 1f( sum > maxsum) maxsum = sum; T JL—TDIEE|=

o= T, stEEREIE

return maxsum;

LRI
MOGAETCTRICRBOMMNRIELETEINTLS.
BURLIAETOEEZTHRIT HEMENDTEINSD.
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Removing duplication in the iteration, we have

Algorithm P3-A1l:
maxsum=al0];
for(p=0; p<n; p++){
sum=0;
for(q=p; q<n; q++){
sum = sum + a[q];

1f( sum > maxsum) maxsum = sum,;
\ ( ) double-loop structure

\ => O(n?) time

return maxsum;

Redundancy:

The same 1nterval is dealt with in the computation of sums more
than once. Thus, 1f we remove duplication in the iteration

then the efficiency 1s improved. 36/46



2RIDEZAAICEDTILTUVX L

S[i] = a[0]~a[i]DF0, EEET H&, XiEl[p,q]PFE
sum(p,q) = sum(0,q) - sum(0,p-1) =S[q] - S[p-1]

ELTEHETES. LI=MHT, §[0], S[1], ..., S[n-1]%&

KOTHEITIE, REIEDHZRKRIEFKROHBBEEFLLLS.

FILT) X LP3-A3:
S[0] = a[0];
for(i=1; 1<n; 1++)
S[1] = S[1-1] + a[1];
maxsum=a[0]; minsf=a[0];
for(p=1; p<n; p++){
1f(S[p] - minsf > maxsum) maxsum = S[p] - minsf;

if(S[p] < minsf) minsf = S[p]; =
} AT S ]

O(n)

37/46

return maxsum;




Algorithm based on completely different ideas

If we define S[1] = sum of a[0]~a[1], the interval sum for [p,q]

can be computed by
sum(p,q) = sum(0,q) - sum(0,p-1) =S[q] - S[p-1].

Thus, 1f we have S[0], S[1], ..., S[n-1] in advance then the problem
1s reduced to that of finding the largest interval difference.

Algorithm P3-A3:

S[0] =a[0];

for(i=1; 1<n; 1++)
S[i] = S[1-1] + a[1];

maxsum=a[0]; minsf=a[0];

for(p=1; p<n; p++){
1f(S[p] - minsf > maxsum) maxsum = S[p] - minsf;
1f(S[p] < minsf) minsf = S[p];

)

return maxsum;

Computation
time

O(n)

38/46



YEXABC AL THRIEED ?

IL—T OB TIFEFIS[IZBEL TIES[H|DELMNSHEL TULVAELY.
=MZEFI TCEETIHIUNEILLL.
S[I]EKRDBHIL—TERRBFNZRKIEEZKRDDIL—TEEELEDD.

FILT) X LiP3-Ad:
maxsum=a[0]; minsf=a[0];sum=a[0];
for(p=1; p<n; p++){
sum = sum + a[p];
1f(sum - minsf > maxsum) maxsum = sum - minsf;
1f(sum < minsf) minsf = sum;
)

return maxsum;

SHEREIXASIEYOM).
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Is it possible without auxiliary array?

In the loop we refer only S[i] in the array S[].
=>no need to maintain sums in an array

Combining the loop to find S[1] and that of finding the largest
sum interval, we have

Algorithm P3-A4:
maxsum=a[0]; minsf=a[0];sum=a[0];
for(p=1; p<n; p++){
sum = sum + a[p];
1f(sum - minsf > maxsum) maxsum = sum - minsf;
1f(sum < minsf) minsf = sum;
h

return maxsum;

Computation time 1s still O(n). 40/46



BIBFTERICE DT LT X L

BRSEEMNSHICIEIZFARTLNK.
a[i|Z AN TWSEE, [0,i-1]DFEEIZHITHHRDXEFIZL[H],
a[i|ZhinEdT AXBDFRTHORRXBEFIZR[i]ET S.
_DEE,

, L[i-1] L[i-1]=ZR[i-1]D&EFE,
Lm:{R&H FRLUNDEE.

- afi] R[i-1]+a[i]<a[i]D &=,
RIi] = { R[i-1]+a[i] ZhLISDEE

1

R[i]
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Algorithm based on dynamic programming

The array 1s checked from left to right.

Let L[1] be the largest sum interval in the interval [0, 1-1] and

R[1] be the largest sum interval for interval with a[1] in 1ts right end.
Then, we have

Lfi-1] ifL[i-1]=R[i-1],
LliJ= { R[i-1] otherwise.

, ali] if R[i-1]+a[i]<ali],
RIi] = { R[i-1]+a[i] otherwise.
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, L[i-1] L[i-1]=ZR[i-1]D&EFE,
Lm:{R&H FRLUNDEE.

- afi] R[i-1]+a[i]<a[i]D &=,
RIi] = { R[i-1]+a[i] ZhLISDEE

&ZIZL[n-11&ERN-1]DRKREVALFEKIE.

7 ILT) X LsP3-AS:
L[0] =R[0] = a[0];
for(1=1; 1<n; 1++){

if( L[1-1] >=R[1-1] ) L[1] = L[1-1]; else L[1] = R[1-1];

if( R[1-1] + a[1] < a[1] ) R[1] = a[1]; else R[1] = R[1-1] + a[1];
h
if( L[n-1] > R[n-1] ) return L[n-1]; else return R[n-1];
st EEMEIXOMm).

EXRDEINEGKITEITEON?
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Lfi-1] ifL[i-1]=R[i-1],
LliJ= { R[i-1] otherwise.

, ali] if R[i-1]+a[i]<ali],
RIi] = { R[i-1]+a[i] otherwise.

Finally, we take the larger of L[n-1] and R[n-1] as the maximum.

Algorithm P3-AS:
L[0] =R[0] = a[0];
for(1=1; 1<n; 1++){

if( L[1-1] >=R[1-1] ) L[1] = L[1-1]; else L[1] = R[1-1];

if( R[1-1] + a[1] < a[1] ) R[1] = a[1]; else R[1] = R[1-1] + a[1];
h
1f( L[n-1] > R[n-1] ) return L[n-1]; else return R[n-1];

Computation time 1s O(n).

[s 1t possible to do without any auxiliary array? 44/46



L[A]OfEIZL[i-1]1&ER[i-1]EIT TR ES.
R[{]DEIER[i-1], a[i]FE T TRES.
&2 T, EEAIZEFEIBHETZZLN.

7 LT X LP3-A6:
L=R=al0];
for(i=1; 1<n; 1++){
if(L>=R)L=L;else L=R;
1f( R + afi1] <af1] ) R =a[1]; else R =R + a]1];

h

1f( L > R) return L; else return R;

R & ol e

XEFHDHEKIEITTIEEL, FKREZXZEZSD

XfEZROBIZIFTESTNIELLIMN?
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L[1] 1s determined only by L[1-1] and R[1i-1].
R[1] is determined only by R[i-1] and a[1].
Therefore, no auxiliary array is required.

Algorithm P3-A6:
L=R=al0];
for(i=1; 1<n; 1++){
if(L>=R)L=L;else L=R;
if( R +a[1] <a[1] ) R =a[1]; else R =R + a]1];
h

1f( L > R) return L; else return R;

Exercise: How can you compute not only the maximum value
but also a corresponding interval?
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