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function DQ(x){
if &R x M+ [Z/INEL then FRID T EZERALTEZIRT,
lRE x Z DO DE T FIRE x|, x5, ..., X 25 F];
fori1=1tok
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fRyzdT y&aiRT;

} 3/44




Divide and Conquer
Decompose the problem into several subproblems, solve them
recursively, and then find a solution to the original problem by
combining the solutions to the subproblems.

Divide : Decompose the problem into several subproblems.

Conquer: Solve the subproblems recursively. If they are small
enough, we solve them directly.

Merge : Combine those solutions to have a solution to the problem.

Program 1s of the following form:
function DQ(x){
if problem x is small enough then apply an adhoc procedure;
decompose x into several subproblems x,, X,, ..., X; ;
for1=1 to k
y. = DQ(x,); //solve x; recursively;
combine the solutions y,, y,, ... , y, to obtain a solution y to the

original problem x and return y;
} 4/44
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o 1 2 3 4 5 6 7 &8
a| 1713211912228 16| 18|20 39

7L X LP7-A0:
max=al0];
for(i=1; 1<n; 1++)

1f(a[1] > max) max = a[1];
cout << max;
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Problem P7:Find a largest value in an array.

In the most simple algorithm we check all the elements and if we
find a larger one than the largest one so far then we update the
largest value.--->algorithm P7-AO.

o 1 2 3 4 5 6 7 &8
a| 1713211912228 16| 18|20 39

Algorithm P7-AQ:
max=al0];
for(i=1; 1<n; 1++)

1f(a[1] > max) max = a[1];
cout << max;
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7L X LP7-AL: H A XnDEFTRAEE
int FindMax(int left, int right) { RODDIZETHEHEZE
if(right==left) return a[left]; T(n)&d 5,
int mid = (left+right)/2; T(1) = 1.
int x1 = FindMax(left, mid); T(n) =2T(n/2)+3.
int x2 = FindMax(mid+1, right); — DMK EF R E
1f(x1>x2) return x1; else return x2; T(n) = O(n).
f
main() { HEEIRE: ED#E{ERE
...... AT,
cout << FindMax(0, n-1);
} 7/44




Finding Maximum based on Divide and Conquer
Divide : Decompose array array into two halves
Conquer : If the array size 1s 1, output the element.
Merge : Output the larger one of the two maximums.

Algorithm P7-Al: Let T(n) be time to find
int FindMax(int left, int right){ a maximum among n data,
if(right==left) return a[left]; then we have
int mid = (left+right)/2; T(1)=1.
int x1 = FindMax(left, mid); T(n) =2T(n/2)+3.
int x2 = FindMax(mid+1, right); Solving it, we have
1f(x1>x2) return x1; else return x2; T(n) = O(n).
f
main(){ Exercise: Solve the above
...... recurrence equation.
cout << FindMax(0, n-1);
} 8/44
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int FindMax(int left, int right) {
1f(right==left) return a[left];
int x1 = FindMax(left, left);
int x2 = FindMax(left+1, right);
1f(x1>x2) return x1; else return x2;

cout << FindMax(0, n-1);

;

H A XnDERH THKIEZF
KOHDIZET HBFEZE
T(n)&ET HE,

T(1)=1.

T(n) <T(1)+T(n-1)+2.
Dtz fEE

T(n) = O(n).
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oY, BABEREOLSHBHELEETHNG, EEOLET
BWESITHEThIE, EQLSIZLTHEHEFFHAERL.
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Finding maximum based on divide and conquer
What happens if we decompose an array into one and remaining?

Algorithm P7-A2:

int FindMax(int left, int right) Let T(n) be time to find a

if(right==left) return a[left]; maximum among n data,

int x1 = FindMax(left, left); we have

int x2 = FindMax(left+1, right): T(1) = 1.

if(x1>x2) return x1; else return x2; T(I.l) é T(1)+T(n-1)+2.
) Solving 1t, we have
main(){ T(n) = O(n).

cout << FindMax(0, n-1); Exercise: Solve the above
} recurrence equatlon.

That is, for a simple problem of finding a maximum, the efficiency

1s almost the same 1f we decompose an array two non-empty parts.
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Algorithm for finding a maximum
P7-Al:decompose an array into two parts of the same length.
P7-A2:decompose an array into one and the remaining.

Both algorithms run in O(n) time.

Any difference between them?
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P7-A1 T

[0,7]
[0,3] 214,71 21
310,17 © [23] 10 13|14,51(16  17|16,71(20
/5\ 8 /9\ 14/ \15 18/1&
41710,01 111,171 112,211 113,31 | 114,41 | | 15,51 |1 [6,61]|[7.7]
X[p,qZ BT 3EE, ZORYEERELTELENHS.

1 :[3,3]DIFEIZIE, [2,3],[0,3],[0,7]

=> KD RT3 s

BEH DY A XEnET HEE, KDFESIE log, n
&2 T, BEGRIE=ILO(og, n).
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[(),7] processing order in
P7-Al
2 / \
[0,3] 2 (a7 21
AN

3110,17 [23] 10 131451116 17|16,71|20
/s 8 /0 ) s 18/ 19,
410,01 | | [1,11] | [2.2]] | 3,31 | [441 | | [5.51 | | [6,61 | | [7.7]

To process an interval [p,q] we need to keep its back path.
Example: for [3,3] we remember [2,3],[0,3], and [0,7]
=>depth of a tree

When the size of an array 1s n, the depth of a tree 1s log, n.

Thus, the required storage 1s O(log, n).
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processing order in P7-A2
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o 1 2 3 4 5 6 7 &8
a| 1713211922128 |16| 18|20 39

171321192228 16 | 18120 |39
17132119 22| 28 16| 18 20| 39
17119132 22|28 16| 18 20| 39

17119122128 |32 16 | 18120 |39

1617118119120 ]22 28|32 |39 17/44




Problem P8: (Mergesort)
Sort n data stored in an array.

We can sort data based on divide and conquer.
Divide : decompose the array into two halves.
Conquer: Sort each half recursively.

Merge : Merge two sorted lists into a sorted list.

o 1 2 3 4 5 6 7 &8
a| 1713211922128 |16| 18|20 39
171321192228 16 | 18120 |39
17132119 22| 28 16| 18 20| 39
17119132 22|28 16| 18 20| 39
17119122128 |32 16 | 18120 |39
1617118119120 ]22 28|32 |39

18/44



TR R DT
nflOT—3%<T—Y—hTY—bTHDIZET SHHFHE]
(LLEREE) ZT(n)EELEITT 5.

DA XDEEZ2EHBNT, RRIC2DDV—MIZE
N—UF M, I—U IR TTES N b en EELS,
T(n) = 2T(n/2) + cn
1595, TNZEMIFIELRL.
T(n) = 2T(n/2) + ¢cn
= 2(2T(n/2%)+c(n/2))+cn= 2°T(n/2%)+2cn

22 (2T(n/2%)+c(n/2?))+2cn= 23T (n/23)+3¢cn

... = 2KT(n/2%+ken

-CT 2k—n T()=F#d, &9 5&, k=lognf=h i,
T(n) = dn + cn log n = O(n log n)

ki

1A NIA
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Analysis of Computation Time
Let T(n) be time (# of comparisons) for sorting n data by Mergesort.
We solve the half-sized problems twice and then sort two sorted
lists. Since merge operation 1s done in linear time, let 1t be cn.
Then, we have
T(n) = 2T(n/2) + cn,
Solving it,
T(n) = 2T(n/2) + cn
= 2(2T(n/2%)+c(n/2))+cn= 2°T(n/2%)+2cn
= 22 (2T(n/2°)+c(n/2%))+2cn= 2°T(n/2°)+3cn
= ... = 2KT(n/2¥)+ken.
If we assume 25=n, T(1)=a constant d, then we have k=log n and
T(n) = dn + cn log n = O(n log n).
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o 1 2 3 4 5 6 7 8
al17 3219122281618 |20 |39

HIEICIHERBE, 16,17,18,19,20,22.28.32,39
DT, BHRIEIL20.
nHMBEGL, FRIEZ2DHS.

—fRIZIE, n BT —20HD k FEICKEVWELDZKOHHHERE.

7L X LP9-AQ:
n @D T—42%0(n log n)BFRITY—F.
kFEBEHDODT—R2EEN.

COF7IVAVALTELLk BEBDERNKRFS.
LA, O(nlog n)DEFEMABE=AHDH ? 21/44



Problem P9: (Median finding)
Find a median of n data stored in an array.

o 1 2 3 4 5 6 7 8
al17 3219122281618 |20 |39

increasing order: 16,17,18,19,20,22,28,32,39
thus, the median 1s 20.
Note that 1s n 1s even then there are two medians.

General problem is to find the k-th largest element among n data.

Algorithm P9-A0:
Sort n data in O(n log n) time.
Output the k-th element.

This algorithm always finds the k-th largest element.
But, does it really need O(n log n) time? 22/44
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else

vyt 9 5.

A TkEBICREVWERYyZHBRIIITKDS.
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o 1 2 3 4 5 6 7 &8

a| 1713211912228 16| 18|20 39

17120

19122118116 28132139

S =28 L=28
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Algorithm based on Divide and Conquer

Algorithm P9-A1l:
Store n data in an array a[].
Choose an arbitrary element x and decompose n data into

a set S smaller or equal to x and a set L larger or equal to x.
if k = |L| then

recursively find the k-th largest element 1n the set L.
else

recursively find the (k-|L|)-th largest element 1n the set S.
Output y.

o 1 2 3 4 5 6 7 &8
a| 1713211912228 16| 18|20 39

1712011912218 |16 28132139
S =28 L=28
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pA=AFN
int Find _k largest(int low, int high, int k)
{
int s=low, t=high, x=a[(s+t)/2];
while(s < t){
while(a[s]>x) s++;
while(a[t]<x) t--;
1T(s<t) swap(&a[s++], &a[t--]);
+
1If(k <= t+1) find _k largest(low, t, k);
else 1f(k >= s) find _k _largest(s,high, k-s);
else return Xx;
+
main()
{
cout << find _k largest(0,n-1,k);
+

25/44



An example of a program
int Find_k_largest(int low, int high, Int k)
{
int s=low, t=high, x=a[(st+t)/2];
while(s < t){
while(a[s]>x) s++;
while(a[t]<x) t--;
1T(s<t) swap(&a[s++], &a[t--]);
by
1IT(k <= t+1) find _k largest(low, t, k);
else 1T(k >= s) find k largest(s,high, k-s);
else return x;
by
main()
{
cout << find _k largest(0,n-1,k);
by

26/44
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T(n)&ET HE,

T(n) =T(1)+T(n-1)+cn
5%, TERRLCE,

T(n) = O(n?).

T LLER A% EC(nk)ET DL,

C(n,k)=n+1+(1/n)(Zgr, C(0-t-1k-t-1)+2_ ., .., C(t+1,k))
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C(n,k) = O(n)
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Analysis of Computation Time

Worst case: an interval of length n 1s decomposed 1nto intervals of

lengths 1 and n-1. If we denote by T(n) time for processing an
interval of length n, we have

T(n) =T(1)+T(n-1)+cn.
Solving 1t, we have
T(n) = O(n?).

If we denote the average number of comparisons by C(n,k),
Cn,k)=n+1+(1/n)(Z—y~r, C(n-t-1,k-t-1)+=_, ., ~,.; C(t+1,k)).
Solving this recurrence equation, we have
C(n,k) = O(n),
which implies that the average running time of the algorithm 1s O(n).

Exercise : Obtain the recurrence equation from the algorithm.

Exercise: Solve the above recurrence equation.
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SRk (Side story):

kZE B DEFRZESEIRE(L, Selection Problem EFE(EN
TWT. UTOXERDER T ILIUX LD [EoLSH
5, E THHE 4, (This “find the k-th element” problem is
called Selection Problem, which is famous by the great
linear time algorithm shown in the following paper):

Blum, M.; Floyd, R. W.; Pratt, V. R.; Rivest, R. L.; Tarjan, R. E.
"Time bounds for selection".

Journal of Computer and System Sciences 7 (4): 448461, 1973.
doi:10.1016/S0022-0000(73)80033-9.

EDEFHDHIRFEIIT KEFT AT 85k 1T, (Bach

author is now “legend” or “god” ©)
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Linear-time Algorithm in the worst case

Algorithm P9-A2:
(1)decompose n data into groups each containing at most 15 data
and find the median 1n each group.
(2)Find the median M of these n/15 medians obtained recursively.
(3)Decompose the n data with respect to M:
S = a set of data <M,
L = a set of data > M,
E = a set of data = M.
(4) If k = |L|, find the k-th largest element in L recursively.
(5) If k>|L|+|E|, find the (k-|L|-|E|)-th largest element in S
recursively.
(6) Otherwise, return M as a solution.

S E L
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B8

24BN T 3T HAX5DTIL—TIZ5HEIL, HRIEZKHD
S = {12,56,43,22,31,25,57,75,45,33,39,85,37,44,19,28,18,23,92,73,77,28,64,35}
S = {12,56,43,2231)25,57,75(43,33,89,85,37,44,19,£8)18,23,92,73,77,28,64,35)

i R{E ={31,45,39,28,35} HR{EDHRIEM =35

35k Y KELY = {56,43,57,75,45,39,85,37,44,92,73,77,64} 13 B3 >24/2
EHROPRIEZZDESIZHS.
CHEATREFEBIZREVEZRZHRMITKSH S
L = {50.43,57,75,45,39,85,37(44,92(73)77,64}
HR{E = {56,44,73}, HREDHREM =56
56 LYKELY = {57,75,85,92,73,77,64} 7 EFE > 13/2
REBICKZVERFIZOESIZEL
BRUDEEDHT (12-7)EBICKEVEZRZRDS
S ={56,43,4539,37.44} SHFEBICKELVEZF=139
EARDOHPRIENL 39
=R
>39: 56,43,57,75,45,85,44,92,73,77,64,
39
<39: 12,22,31,25,33,37,19,28,18,23,28.35 3244




Example: Decompose 24 data into groups of size 5 to find the median.
S =1{12,56,43,22,31,25,57,75,45,33,39,85,37,44,19,28,18,23,92,73,77,28,64,35}

S = {12,56,43,22(3.25.57,75(533(39,85,37,44,1908,18,23,92,73,77,28,64,85)
group medians ={31,45,39,28,35} the median of the mediansM = 35

data > 35 = {56,43,57,75,45,39,85,37,44,92,73,77,64} 13 elements > 24/2
The overall median must be in this set
Find the 12th largest element in this set recursively
S = {56)43,57,75,45,39,85,37(33,92(73, 77,64
group medians = {56,44,73}, the median of the mediansM = 56
data > 56 = {57,75,85,92,73,77,64} 7 elements > 13/2
The 12-th largest element cannot be in this set
Find the (12-7)-th largest element in the remaining set.
S = {56,43,45,39,37,44} 5-th largest lement= 39
The overall median 1s 39
In fact,
>39: 56,43,57,75,45,85,44,92,73,77,64,
39
<39: 12,22,31,25,33,37,19,28,18,23,28,35 33/44
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T(n) = 42(n/15) + T(/15) + n + T((11/15)n)
£oT,

T(n) =19n.
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Analysis of Computation Time

Sort of 15 data: 42 comparisons suffice
in total, 42 X (n/15) comparisons

M is the median of the group medians, and so
there are (n/15)/2 groups whose median are =M,
where 8 or more elements (more than half) are = M.
Thus, there are at least (8/30)n = (4/15)n data = M.
That is, there are at most (11/15)n elements =M and =M.

For the decomposition w.r.t. M, n comparisons are required.

From the above arguments, we have

T(n) = 42(n/15) + T(n/15) + n + T((11/15)n)
Hence,

T(n) =19n.

Exercise: Solve the above recurrence equation. 35/44
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1L

TR 4.1 (2 MEER (master theorem)) a> 1L b>12EHL L, f(n) Z2B4E

&35, Fl, T(n) FROFARIC L >THAOEBRIIMLTERIATVLI DL
35

T(n) =aT(n/b)+ f(n) .

ST, n/bik |n/b) ik [nfb] XBKTBLOLBINT 5. DL E, T(n) KH
ERIZRD &S RBRAE L.

1. H3EM e > 0L T f(n) = O(n'8 =) 251, T(n) = ('8 %) TH 5.
2. f(n)=0(n'""%9) 2 5IL, T(n) = O(n'%lgn) TH 3.

3. BBITBHEe>O0LMLT f(n)=Q(n'8t)THD, LrbHIERce<l L
TARERnIZHUT af(n/b) < cf(n) 2 51E, T(n) = O(f(n)) TH 3.




Very useful tool; master theorem

Theorem 4.1 (Master theorem) -

Leta > 1 and » > 1 be constants, let f(n) be a function, and let T (n) be defined

on the nonnegative integers by the recurrence i

T'(n) =aT(n/b)+ f(n).

where we interpret 7/b to mean either |n/b] or [n/b]. Then T () can be bounded

asymptotically as follows. !

1. If f(n) = O(n'"°%“~¢) for some constant € > 0, then T'(n) = O (n'°% ),

2. If f(n) = O(n'°% %), then T (n) = O(n'°&*1gn). :

3. If f(n) = Q"% **€) for some constant € > 0, and if af (n/b) < cf(n) for
some constant ¢ < 1 and all sufficiently large n, then T'(n) = O ( f(n)). i iy




