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Problem P24: (All-pairs shortest path problem)

Given a weighted graph, for every pair of vertices find the length
of a shortest path between them.
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Dijkstra's algorithm

Input: Weighted graph consisting of n vertices and m edges
Output: Distances to all the vertices from one arbitrary vertex.
Computation time : O(m + n log n) time, or O(n?) time.
Hence, applying the Dijkstra's algorithm for each vertex,
computation time is O(nm + n’log n) or O(n?).
Since the number m of edges is O(n?), it takes O(n?) in the worst
case.
Any faster algorithm?
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Property of a shortest path

A%

Any vertex on a shortest path from vertex u to vertex w.

=>» subpath from u to v and subpath from v to w are both shortest

paths from u to v and from v to w, respectively.

RN
O N
Why: If the subpath from u to v is not shortest,

we can shorten the path from u to w by replacing its
subpath by the shorter one, which is a contradiction.
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D> iNLkFETCHDRERR OO EFTORERE

D, [i,j] = min{ D,_,[ij], D, ,[LK] + D, [K,j] }

==L, D li,jl=LI[Lj] (EfEOEHE=I10OE)

Dy, Dy, Dy, ... , D, DIRICETEZITAIE KL

7L X LP24-A0:
FEBE1THI%D[0,i,j]1ET 5.
for(k=1; k<=n; k++)
FTARTD(@G,))IZDULVT
D[k.i,j] = min{ D[k-1,i,j], D[k-1,i,k]+D[k-1,k,j] }
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D, [i,j] = the length of a shortest path from vertex i to vertex j
only through the vertices in the set {1,2,....k}.
Case 1 :1f the shortest path does not pass through vertex k
=> same as D_,[i,j]
Case 2: 1f the shortest path passes through vertex k
=»shortest path from 1 to k+that from k to j

D\[i,j] = min{ D, [i,j], D\ 4[LK] + D\ 4[k,j] }
where, D,[i,j] =L[i,j] (direct distance=edge length)

Dy, D, D,, ... , D, should be computed in this order.

Algorithm P24-A0:
Let D[0,1,1] be the distance matrix.
for(k=1; k<=n; k++)
for each (1))
D[k,i,j] = min{ D[k-1,1,j], D[k-1,1,k]+D[k-1,kj] }
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Problem on Space Requirement

The previous algorithm requires a 3-dimensional array.
=>»when we have computed D,, we don't need to store D, ;.
Hence, only one array 1s sufficient.

We want to compute not only the lengths of shortest paths but also
shortest paths themselves.

P, [1,J] = the vertex number immediately before the vertex j on the
shortest path from 1 to j through {1, 2, ..., k}.

Using 1t, we can trace back from the terminal vertex to the initial

vertex.
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Exercise E8-5:Describe the behavior of the algorithm P23-A0 for
the graph below.
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Problem P25: (Construction of an optimal binary search tree)
When probability that each element 1s asked 1s given, store n data
in a binary search tree so that the expected number of comparisons
to locate a query 1n the tree 1s minimized.

Datato be stored: S=1{a;,a,,..,a },a,=a,=""* = a_
A priori knowledge : Assume that only elements of S are retrieved.
probability for Find(a,, S) 1s p,
When S is stored 1n a binary search tree,
let the level of a node a, containing an element of S be level(a,).
the number of comparisons for searching a. 1s level(a,) +1
(assuming the level of the root node 1s 0)
Therefore, the cost of a search tree (expected number of comparisons)
1s given by

Cost of search tree= ) p, X [level (a,) +1]
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BIRE:  a[1] a[2] a[3] a[4]
S| 2 3 5 6

2/10 1/10 = 5/10 « 2/10

P P Ps3 P4

AR R=2*1+1*2+5%3+2%4)/10

=2.7

level 4

&
A

AR R=(2*1+2*2+5%3+1%4)/10
=2.5
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Examlpe: a[l1] a[2] a[3] a[4]
S| 2 3 5 6

2/10¢ 1/10 5/10 + 2/10
Py P> P3 Py

(6) level 3 @%

level 4

cost=(2*1+1*2+5*3+2%4)/10 cost=(2*1+2*2+5*3+1%4)/10
=2.7 =25
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cost=(1*1+(2+5)*2+2%*3)/10 =2.1 cost=(5*1+(2+2)*2+1*3)/10=1.6

If we enumerate all search trees and compute their costs, then
we can find an optimal search tree. But it 1s not efficient to
enumerate all of them.
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Construction of an optimal binary search tree

Characterize structure of an optimal solution and define the value
of an optimal solution recursively.

T[1,)] = minimum-cost tree for a subset {a;, a,,,, ..., a;}
=1, ...,n, J=1,1+1, ..., n

Enumerating all possibilities:

T[3,n] T[1 T[1,k-1] T[k+1,n] lnl

If T[2,n], T[3,n], ..., T[1,2], T[4,n], ..., T[1,n-1] are all available,
costs of those trees can be computed. If we choose the minimum-

cost tree, we can determine its root a, . 2438
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Computing the value of optimal solution in a bottom-up fashion

{T[1,1+1],1=1, 2, ... , n-1} 1s computed==""* difference 1
{T,1+2],1=1, 2, ... , n-2} 1s computed=="""* difference 2
{T[1, 1tk], 1=1, 2, ... , n-k} 1s computed==""* differencel k

Finally, we compute T[1, n], which 1s the value of optimal solution.

T[1,n]
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T[i, itk|D3K H A

T[Litk] =87 &S {a, a,y, ..., a, TR T HER/IPNARALK
=hb, TDIRIE, a,a,,, .., a2, Dkr1EYHS. @)
aZRELTEATZLE,
EE7 RZET(i ] 11, BEDKRZET[j+1,i+k]
I HDHExiE /\
T[i,j-1]1&T[j+1, 1+k]’CO):IZI~0)E.Jr$:J:U%
LA ZIHBZ TSI EITEE.

T[L)-1]= 2 py X [level (a,) +1]
LARILZE1FEITHENT &,
T’[1)-1]= 2 py X [level (a,) 2] =T[1,-1] + X pyy
DFY, T[ij-111Zp; + pyyy +... + 1, JEMANIL
TILRNILTIFHEAKRES. T []+1 i+k]IZDWLTHEL.
£2T, aZiRETHEEDIARMIRKTEZ NS
pj+T’[i,j-1]+T’[j+1,i+k]
= Tliy- 1]+ T+ Litk]+ p; + piy +oe + Py

Tlij-1] TG+Li+k]
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How to compute T[1, 1+k]

T[1,1+k] = min-cost tree for a subset {a, a.,, ... , a.,,, ;. Thus,

k+1 different roots a, a.,, ... , a., are possible. @
If we choose a; as a root,
an optimal solution has T[1,j-1] as 1ts left
subtree and T[j+1,1+k] as right subtree. /\

Note th.at one level 1s incre.a.ses than when  TLg1] TO+Lik]
computing the costs for T[1,j-1] and T[;+1,1+k].

Tlij-1]= ¥ p,, X [level (a,,) +1]
If we increase the level by one,
T'[ij-11= ¥ p,y X [level (a,) +2] = T[ij-11+ ¥ p,,
That 1s, we have the value one level down by adding
p; Pyt Ty to T[1,j-1]. Same for T[j+1,1+k].
Thus, the cost with a; at the root 1s given by:
p T [1,j- 1]+ T [j+1,i+K]
= Tliy- 1]+ T+ Litk]+ p; + piy +oe + Py
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T[i, itk|D3K H A

Clij] = {a;, a,y, ..., a} ISR T DER/NKT[i,j]DIARXK
WILj] =p;i t pig +.o F b;
I Y

2 ERET BEEDIRMNIRRTEZLND
C[i,j-1]+C[j+1,i+k]+ Wi, i+k]

ST TLEEDEDR/IMEZEANILC[1,i+k]HKRESD.
a,ta, MEEGTLEELEETHE ROKXZEFS:

C[i,i+k] = min{ C[1+1,1+k]+W][1,i+k],
min{C[1,j-1]+C[j+1,i+k][+W][Litk], j=1+1, ... , i+k-1},
C[1,i+k-1]+WT[i,i+k]}

k=1, 2, ..., n-1

ELTIBITKROHDHZEMTES.
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How to compute T[1, 1+k]

C[1,)] = cost of the minimum-cost tree T[1,J] for {a, a.,, ..., a}

Wl =p; + piyg T t P;
Then,

the cost when a; is the root 1s given by the following:
C[i,j-1]+C[j+1,1tk]+ W]i, 1+k]

C[1,1tk] 1s obtained by taking the minimum value while varying j.
Considering the cases where a. and a., are roots, we have
C[i,i+k] = min{ C[1+]1,1+k]+W][1,i+k],
min{C[1,j-1]+C[j+1,1+k][+W][i,1+k], j=1+1, ... , i+k-1},
C[1,i+k-1]+W[1,i+k]}
k=1, 2, ..., n-1
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Clijl= {a;, ay, ... , 3} [T T DER/DAT[L,j]DARE
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T[1,1] T[2,2] T[3,3] T[4,4] / 2\

e

C[1,11=0.2 C[2,2]=0.1  C[3,3]=0.5 C[4,4]=0.2

@ [\

1 2
T[2,2] T[1,1]
m 4y m 4

=0.2+C[2,2]*W[2,2] =0.1+C[1,1]1+W[1,1]
=0.240.1+0.1=0.4  =0.1+0.24+0.2=0.5
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C[1,j] = cost of minimum-cost tree T[1,j] for {a;, a;,, ... , a;}
WLl =p; + piyg T F &

5@ @ f@
/ 2\ / I\ / O\ / 2\ TR R

T[1,1] T[2,2] T[3,3] T[4,4] / 2\

C[1,11=0.2 C[2,2]=0.1  C[3,3]=0.5 C[4,4]=0.2

@ [\

1 2
T[2,2] T[1,1]
m 4y m 4

=0.2+C[2,2]*W[2,2] =0.1+C[1,1]1+W[1,1]
=0.240.1+0.1=0.4  =0.1+0.24+0.2=0.5

32/38



REP26: (v 7Yy IRERE)

nfB D& Wo.(i=1, ..., n)ITxF T SESw.EHEY, TYvTHvoD
FIREECHSZNTLE, FIMDEFTDESMNCEEZE
FOLEYIDEEDIAH T DR THENRKELDSEDEKRD K.

ARZEl={w, .., WV, ...,v;C

V95, L {1,2,.n D

HAERESTRETES. mERET,

BEHRB Y w=C
w9 SO T

HEQKM Y.csv;
R KNICTHELDTHD.

RE: EDRIZDONTEH, FNDE

CEBAAEMMIEIRLCGEIINBAZENLGLIVNSLTHAS.
°e

TYTHvo

B IENPTE

FI:IEJ Eﬁff >7=

9 TlZ...7?

S[ICHEBALGNDNDET S.

33/40



Problem P26: (Knapsack Problem)

Given n objects o, (1=1, ... , n) and their weights w., prices v;, and
the capacity (or weight limit) C of a knapsack, find an optimal way
of packing objects into the knapsack to meet the capacity constraint
in such a way that the total price 1s maximized.

Input: [ = {w,, ..., w_; vy, ..., v.; C}. Asolution is represented by
a subset S of {1,2,...,n}.
An optimal solution 1s such a set S satisfying the
Capacity constraint > .cs W,=C
and maximizing
total sum of prices )¢ V;

Assumption: Assume that weight of any object does not exceed
the capacity C because any object with weight exceeding C 1s
never selected.
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BlRE: (w,, ..., w)=(2,3,4,5,6), (v, ..., vs)=(4,5,8,9,11), C=10D
LREEZLD.

VK] =kBEBFTORMIIZITEXHRICLI-ESDREREDIE
ETHE BEREXIYHLAIC

VII]EV[2] <+ =< V[n]
MRYILD. COBITIE, RDKIITHES.

V[1]=v,=4, w,=2=C,

VI[2] = v;+v,=4+5=9, w,+w,=2+3 =C,
V[3] = v,+v,tv,;=4+5+8=17, w tw,+w,=2+3+4 =C,
V[4] = v, +v,v,=4+5+9=18, w,tw,+w,=2+3+5=C,
V[5] =v;tv=8+11=19, w;+w.=4+6=C.
ZZT, {1,2,3 4}liﬁ¢f(im\ HEGL, ESORNEE0%
#BLTLEID>THS.

ZDHITIE, BB BEEICHT HENREREICESENTL.
L7=h'>T, LDKSLNERF THEZROHLHSDIZENRIETIE LI
& A CTELN.
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Example: Consider the case in which (wy, ..., w5)=(2,3.4,5,6),
(V5 -es V5)=(4,5,8,9,11), C=10.

V[k] = value of an optimal solution for objects up to the k-th one.
Then, by the definition

V[1]=V[2] ="+~ =V][n].
In this example, we have
V[1]=v,=4, w,=2=C,

VI[2] = v;+v,=4+5=9, w,+w,=2+3 =C,

V[3] = v,+v,tv,;=4+5+8=17, w tw,+w,=2+3+4 =C,

V[4] = v, +v,v,=4+5+9=18, w,tw,+w,=2+3+5=C,

V[5] =v;tv=8+11=19, w;+w.=4+6=C.
Here, {1,2,3,4} is not a solution since the total weight exceeds
the capacity 10.

In this example, an optimal solution to a subproblem may not be
included in an optimal solution. Thus, we cannot apply Dynamic
Programming to find a solution 1n the above order.
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TARTOEBEUVAFRARSEFEHERIAMNO>TLES.

T EIEZER T 51-0121E, o BEICx I 5B mER
[CEFENSLIICHRBEBREZHIRPICERLLETNITESEL.

D[1,]

= "L, i ORI LEHIRMERATESOMMjE

BARYDHEEDFTOMEDZKIE,

=1=L,

E

ESOMAELOELLGHEBENZTNIT0ET S.

", - 1ICE T AEEEN O TNSESE, TRENDEEIC
FENMASGEEEMALENMEEDRWVAZENITIULIDD,
D[i,j] = max{D[i-1, j], D[i-1,j-w;]+v;}

NIEE EEDERBEENBYIDIEERLTLNAS.

b
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Then, what about a method to examine all possible ways of
choosing objects?

For each object there are two ways, to choose or not to choose.
—>there are 2" ways to choose objects.
It takes exponential time 1f we examine all possible cases.

To apply Dynamic Programming, an optimal solution must be defined
recursively so that 1t includes a solution to a subproblem.

D[1,]] = the largest total price among all possible ways to choose
objects from objects 1, ... , 1 so that the total weight is j.
It 1s O 1f there 1s no way to choose them so that the total weight 1s j.

If an optimal solutions for objects 1,...,1-1 1s known, we just consider
two cases, to add an object 1 and not to add 1t. Thus, we have
D[i,j| = max{D[i-1, j], D[i-1,j-w;]+v;}

This implies the property of Optimal Substructure.




BIRE: (W, ..., wo)=(2,3,4,5,6), (v}, ..., vs)=(4,5,8,9,11), C=10D G &
=1DEE, T ESHEITGZILVDD2BY (T 5,

D[lawl]:D[172]2V1:4a D[la_]]:Oo _]#27

i=2DEE, {1, {1, 24, {12 DMEELHLIND,
D[2,2]=4, D[2,3]=5, D[2,5]=9, D[2,]=0 j#2,3,5
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Example: Let (wy, ..., ws)=(2,3,4,5,6), (vy, ..., v5)=(4,5,8,9,11), C=10.
i=1=»only two ways to choose object 1 or not choose it:
D[1,w,]=D[1,2]=v,=4, D[1,;]=0, j#2,
i=2=>there are four cases: {}, {1}, {2}, {1,2}
D[2,2]=4, D[2,3]=5, D[2,5]=9, D[2,j]=0 j#2,3,5

.indicates a new
21 31 4 51 6] 7| & 910 <olution
O 0 O Of O O OF O O

w,=2,v,=4

W,=3,V,=)

w;=4,v,=8

AWM |~ [O|F

w,=5,v,=9

ws=6,vs=11

We can ignore a set of objects if their total weight exceeds 10. 4040



7L X LiP26-A0:

AT nfADFE o (i=1, ... ,n)DE
for(i=1; i<=C; i++)
D[0,1] = 0;
for(k=1; k<=n; k++)
for(i=1; i<=C; i++)
if(i<w,) D[k,i] = D[k-1,i];
else {
if(D[k-1,i-w,]+v, > D[k-1,i])
D[k,1] = D[k-1,1-w]+v;
clse
D[k,1] = D[k-1, 1];
h
max=0;
for(i=1; i<=C; i++)
1f(D[n,1]>max) max = D[n,1];
return max;

8 Sw;EMHEv;, FilFR E
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Algorithm P26-A0:
Input:n objects o.(i=1, ... , n): weight w, and price v., capacity C.
for(i=1; 1<=C; 1++)
D[0,1] = 0;
for(k=1; k<=n; k++)
for(i=1; 1<=C; 1++)
if(i<w,) D[k,i] = D[k-1,i];
else {
if(D[k-1,i-w ]+v. > D[k-1,i])
D[k,i] = D[k-1,1-w.]+V;;
else
D[k,i] = D[k-1, 1];
)
max=0;
for(i=1; 1<=C; 1++)
1f(D[n,1]>max) max = D[n,1];
return max;

42/40



OB DEITTEL, SoEFOELT=L.

D[i,j]DF =T THL, D[iL,j|DEZEZ5TYDHEEELEE

952129 5.

D 19.] - maX{D [19 j'1]9 D[i'wjaj'll_l_vj}
T laJ =j D[iaj]=D[i'Wj9j'1]+V'a)&§
T[ijl =0 D[ij|=DIi,j-1]D&=

CDFITRDLHEFEEE G ZHD[1, n|hbF (WS &I

FYURBERERDLHENTES.

D[i,j]/T[i,j]D &

k 2 3 4 10
0 0 0 0 0 0 0 0
1

2

3

4 4/0 5/0 8/0 9/0 | 12/0 13/0

5 4/0 5/0 8/0 9/0 | 12/0 13/0
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Want to construct an optimal solution with the value of optimal solution.

We maintain not only the table D[1,j] but also the combination to

give the value of D[1,]].

D 19.] - maX{D [19 j'1]9 D[i'wjaj'll_l_vj}
T 19.] - .] if D[19J]=D [i'Wjaj'I]_I_Vj
T[i,jl =0 if D[i,j]=Dli,j-1]

Then, we can construct an optimal solution by tracing back the
value of D from D[1,n] giving the optimal solution.

k 2 3 4 7 10
0 0 0 0 0 0 0 0 0
1

2

3

4 4/0 5/0 8/0 9/0 | 12/0 13/0

5 4/0 5/0 8/0 9/0 | 12/0 13/0

values of D[1,j]/T[1.]]
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10

(" 8/0 12/0

4/0 5/0 8/0 9/0 12/0 | 13/0

D[i,j]/T[i,j]D &

B 1 fig D{E X D[5,10]=19
D[5,10]=19, T[5,10]=5#0, @#¥5% H A.

w=6T=M5, TDHIIED[4,10-6]=D[4,4],
D[4,4]=8, T[4,4]=0, Al H AALZELY. T DREIIED[3,4]=8

D[3,4]=8, T[3,4]=3+0, m¥137ZH 7.
W3—4T_7ﬁ\b ZDHTIED[2,4-4]1=D[2,0].

mI
|

*% EEMREERT omPDESL{3,5}.

EDFMN0IZE2=DT, SSTEDY.
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10

(" 8/0 12/0
40| 50| 80| 90| 12/0] 13/0

D[i,j]/T[i,j]D &

The value of an optimal solution 1s given by D[5,10]=19.
D[5,10]=19, T[5,10]=5#0, output object 5.

Since w=6, its predecessor 1s D[4,10-6]=D[4.4],

D[4,4]=8, T[4,4]=0, output nothing. The predecessor 1s D[3,4]=8.
D[3,4]=8, T[3,4]=3#0, output object 3.

Since w,=4, its predecessor 1s D[2,4-4]=D[2,0].

Now the total weight becomes 0, and thus this is the end.

After all, the set of objects for an optimal solution 1s {3,5}.
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7L X LP26-Al:

AD nBOEWo(=1, ..., n)DESw LM{Ev,, HIRE
for(i=0; 1<=C; 1++)
D[0,1] = T[0,1]=0;
for(k=1; k<=n; k++)
for(i=1; 1<=C; 1++)
if(i<w,){ D[k,i] = D[k-1,i]; T[k,i]=0;}
else {
if(D[k-1,i-w, ]+v, > D[k-1,i])
{D[k,1] = D[k-1,i-w, J+v,; T[k,1]=k;}
else
{D[k,i] = D[k-1, 1]; T[k,1]=0;}
b
k=0;
for(i=1; 1<=C; 1++)
if(D[n,1]>D[n, k]) k =1;
for(i=n; >0 && k>0; 1--)
if( T[1,k] > 0) {
Tlik]|ZH 71, k=k - w;;
;
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Algorithm P26-A1l:

Input:n objects o.(i=1, ... , n): weight w, and price v., capacity C.

for(i=0; 1<=C; 1++)
D[0,1] = T[0,1]=0;
for(k=1; k<=n; k++)
for(i=1; 1<=C; 1++)
if(i<w,){ D[k,i] = D[k-1,i]; T[k,i]=0;}
else {
if(D[k-1,i-w, ]+v, > D[k-1,i])
{D[k,1] = D[k-1,i-w, J+v,; T[k,1]=k;}
else
{D[k,i] = D[k-1, 1]; T[k,1]=0;}
b
k=0;
for(i=1; 1<=C; 1++)
if(D[n,1]>D[n, k]) k =1;
for(i=n; >0 && k>0; 1--)
if( T[1,k] > 0) {
Output T[1,k]; k=k - w;;
j
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ETERFR D AEAT

FILTNXLDEEELY, STERRIZEASHAI(Z
O(nC)
THb.
() EEFFICHEIDEHnDZIERIZEDLEE
= COFERMIInCETSZIER LS.
2) COEAnIZHEARTIEEIZKELNESE
CHOEB & (Xlog CEVFTRIFAIEE
= AT DI LT 2R ELS.
BZIEXER7ILT)XLEMEA.

SEEBREE10-3: 7L X LP26-A1TlE 2R TERHIZ 2D ALY
TWBAN, FDOOEND—AHIT1RITEFZTEBHILERE.
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Analysis of Computation Time

From the structure of the algorithm the computation time 1s given
by
O(nC).

(1) If the capacity C 1s polynomial in the number n of objects

— this computation time 1s a polynomial in n.
(2) If C 1s much larger than n.

The value C 1itself can be represented by log C bits.

—Time 1s proportional to an exponential function 1n input size.
It 1s called a pseudo-polynomial time algorithm.

Exercise E10-3: Algorithm P26-A1 uses two 2-dimensional
arrays. Show that one of them cab be replaced by a one-
dimensional array.

50/40



MIREP27: GESHITHIFE)
nBDITHDRFI<A LA, ..., A>SDNERLN-&E, 175155
A XA, X XA

ZEtREIH0IC, BERERAZR/NMNITHITIEDIEFZRKD L.

pAT X qHI D 1T EqTT X 15D

THDITHIEZTET DL X _

pfT X5l DITHI N FOoNS.

CDEEDER(FEELEME)

DEIFITIp X qXr. 34T x 45| 44T X35 34T x 35

f: A, =109T X 20%1, A,=201T X 55, A;=51T X 255D LZF,
(A, X A) X A)DIETZE, (10X 20X 5)+(10 X 5 X 25)=2250
(A, X (A, X A))DIETZE, (10X 20 X 25)+(20 X 5 X 25)=7500

BDT, FIEDAMNBERERIZILDEL.
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Problem P27: (Chained Matrix Product)

Given a sequence of n matrices <A ,A,, ... , A >, find an order of
matrix products to minimize the number of operations to compute
the matrix product A; X A, X ... X A_.

Product of a p X q matrix and q Xr

matrix 1s a p X r matrix using X —
p X q X r operations (multiplication
and additioN).
3% 4 4X3 3X3

Example:A;=10 X 20 matrix, A,=20 X 5 matrix, A;=5 X 25 matrix.
((A; X A,) X Ay) require (10 X 20 X 5)+(10 X 5 X 25)=2250 ops.
(A, X (A, X Ajy)) requires (10 X 20 X 25)+(20 X 5 X 25)=7500 ops.

Thus, the former needs less operations.
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MEOFFIOREE, FEYLHEIERFAHS.
(A X (A X A) X A,)
(((Al X AZ) X A3) X A4)
(A} X A) X (A X A,)
(Al X ((A2 X A3) X A4))
(A X (A, X (A; X A) \

ST ARTOHEIEFCONTEEASEROIL LN

JEERIREELO-1: /IO DT AIFOU /32 @Y HHZEZFEERAE L.
lFCatalanFHEL TENISNTLNSEDTHS.
EUR RO D ANPM)BYHLHETSH. EFEDRINIZENT
kEFEBEKHIBEHOBITHEILTENENDER D FI(Zx L THIL
[CHEMEDIFTAIEMTES. £oT, XDEEXEES.

P(1) =1

P(n) =2 ™" P(k)P(n-k)

Richard P. Stanley [Z&M I, CatalanZIZ(F207@YHDFERNHS !
(http://www-math.mit.edu/~rstan/ec/)
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For product of four matrices, there are many orders for their product.
(A} X (Ay X Az)) X Ay)
(A} XAy XAj) X Ay)
(A X Ay X (A; X Ay))
(A X ((Ay X Az) X Ay))
(A} X (A, X (A3 X Ay)))

It suffices to obtain the number of operations fo

of them.

Exercise E10-1:Prove that there are O(4"/n*?) ways for parenthe-
sizations. This i1s known as the Catalan number.

Hint: Suppose there are P(n) ways for parenthesization. In each
sequence we can parenthesize 1t by dividing it between its k-th and

(k+1)-st position into subsequences independently. Thus, we have
P(1)=1

P(n) = >, ,™! P(k)P(n-k)

Due to Richard P. Stanley, the Catalan number has 207 representations!

(http://www-math.mit.edu/~rstan/ec/) 54140



REROEEZHE DT, EROEZHBRNICERT 5.

AMEDITIIDHEDZE
(A X (A, X Ay)) XAy RIRIE(A,ALA)EA,DIR
(A} X Ay) X Az) X Ay) %fﬁli(ApAzaA_%)tAN)*ﬁ
(A XA) X (A;XAy) RRIT(ALA)EA;A)DIE
(A X ((Ay X Ay) X AY) IRRITA E(A,ALA)DIE
(A X (A, X(A;XA)) T=ERIFA EALALA)DTE
AR T SHEBEARIEFNTHo>TLNIL,
(A1,A2,A3), Ay, (AA,), (A3AY), (A(AA3AY))
D3BYDHENER ST K.

—RZIX, PDICEZTHITHIDIERE.

(A oA, (A, s A)) k=12, el |
TNENDE DRI T 5RBEEEEIEFN S M>TLINIE
SARORBELTFAREIEFLHNS.
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Characterize structure of an optimal solution and define the value
of an optimal solution recursively.

To compute the product of 4 matrixes
((A; X (A, XA;)) XA, lastis the product of (A;,A,,A;)and A,
(A XA,))XA;)XA,) lastis the product of (A;,A,,A;)and A,
((A; XA,)X(A;XA,)) lastis the product of (A,A,) and (A;,A,)
(A, X((A, X A;) X A,)) lastis the product of A, and (A,,A5,A,)
(A, X (A, X(A;XA,))) lastis the product of A, and (A,,A5,A,)
If we know an optimal orders for subsequences, it suffices to check
the three ways of partitions.

(ApALA), Ay ((ALAY), (AsAY), (AL(A2A3,4A,))

Generally, the problem is the place for the first partition.

(A, A, Ay -5 AY)) k=1,2, ..., n-1
If we know an optimal order for computation for each subsequence,
then an optimal order for computation is obtained.
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FITHND YA XZp AT ET BE, THRMNERSINS=HIZIE,

917P2> 927P35 -+ » a™Pn+1
TIREITNIETEB7ELN.
LT=mM>T, ANATIE, pi, Py o Py Posy TEITEIRTET S
i?‘:, AMBAFTOTIIDIEEEDE, piTq=p; FIDITIIM
"Fonsd.

A MOAFXRTODITIDIEDFHREICLEGR/INDERRHZE
M[l,J]tTé CDFZTEETHDIC, kFihbjFTEIRSET
AMBAFTTOIREA DOAFTTDIRZT N TEFHE I AT KL,
Aih\BAkiﬁwiiﬁ(ipiﬁpkﬂﬁumﬁﬁutﬁ; Y, A MDA FETDIE
Epe 17D FIDITHIFE D, ZhsDFTHIFEIS

PiPx+1Pj+1
O EENBETHD. LI=H>T, M[i,j|zk&H DL (&

M(i, j] = min{M[i,k[+M[k+1,j4p;p\.1D;1 1> k=1,i+1, ..., j-1}
E1ED.
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Let the size of each matrix be p, X q.. Then, only if we have

4,7 P2 q2:p39 ceo s ™ Pnt+1
the product of those matrices 1s defined. Thus, we only specify

P1> P25 -+ 5 Pns> Pn+1 for inI)Ut°

[f we take the product of matrices from A; to A,
then the p; X g;=p;,;matrix is obtained.

M[1,j] = the smallest number of computations to calculate the product
of matrices from A; to A;. For the computation it suffices to evaluate
all possible productions of matrices from A, to A, and those from
Ay, to A for each k between 1 and j.

The product for A; through A, 1s a p; X p,,; matrix, and that for
Ay, through A; 1s a py,; X p;,| matrix.
Thus, the number of operations we need to compute them i1s
PiPx+1Pj+1 -
Therefore, the recurrence equation for MJ[1,j] 1s
M[1, j] = min{M[Lk]+M[k+1j]+p;py;1Pji 1> K=1,1F1, .o, J-15.
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ZILI) X LP27-A0:
A B nfBDITHI DA X (p,17p,5D),(0, 17055, ... .(0,7TPp1 5.
for(i=1; i<=n; i++)
M([i,i] = 0;
for(d=1; d<=n; d++)
for(i=1; i<=n-d; i++)
j=i+d;
msf = M[Li[+M[i+1,j]+pipisiPis 1
for(k=i; k<j; k++)
if( M[LK+M[k+1,j]+p;pyPjyy < msf)
mst = M[LK]+M[k+1j[+p;ps1Pj+15
M[1,j] = msf;
b
return M[1,n];

SEEMEREEI-2: EOT7 IO X LTIIHRBEREDBELI DI DL
L. REGSHEIEFREROONDIEIICTILTVXLEZEETE L.
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algorithm P27-A0:
input : matrix sizes (p,;rows p, columns),(p,, p3), --- >(Pr> Pprt)-
for(i=1; i<=n; i++)
M[1,1] = 0;
for(d=1; d<=n; d++)
for(i=1; i<=n-d; i++)
j=1+d;
mst = M[L1[+M[1+1,j [+pip;s1pjr 1
for(k=1; k<j; k++)
if( M[LK]+M[k+1,j[+p;psPj+y < mst)
mst = M[LK]+M[k+1j[+p;ps1Pj+15
M[1,j] = msf;
h
return M[1,n];

Exercise E10-2: The above algorithm only finds the value of an

optimal solution. Modify it so that an optimal order of computation

1s also obtained.
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