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B %(1,2,3,4,1) : £&=10+9+12+8=39,
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Problem P28: (Travelling-Salesperson Problem)

Given a weighted graph for a road network interconnecting n cities,
find a shortest closed tour starting from a city and coming back to
it after visiting every city.
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L[1,j] 1s the distance between
city 1 and city j.

tour(1,2,3,4,1) : length=10+9+12+8=39,

tour(1,2,4,3,1) : length=10+10+9+6=35,

tour(1,3,2,4,1) : length =15+13+10+20=58,

tour(1,3,4,2,1) : length =15+12+8+5=40, etc. 4/40
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How many tours are there in total?

If there 1s a road between any two cities, then there are (n-1)! tours.
Using the Stirling’s formula, we have

n! =~(Q2mn)(n/e)".
This 1s roughly an exponential function n".

Numbering the cities as 1, 2, ..., n, and assume that we start at
city 1 and come back to it.
The set of all cities: N={1, 2, ... ,n}. Sis a subset of N.
For a subset S not containing city 1,
g(1, S) = the length of a shortest path from city 1 coming back to
city 1 through every city of S.
Note that 1 does not belong to S.
Then, the length of the shortest tour 1s given as

o(1, {2,3, ..., n}).
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Let’s define g(i, S) recursively!

®
1 ®
®

i S

To apply Dynamic Programming, an optimal solution must be defined
recursively so that 1t includes a solution to a subproblem.

If j 1s a candidate among S for the city after city 1, the length of an
optimal path to city 1 1s given by
Thus, the recurrence equation for g(1, S) becomes
g(1, S) = minjeg{L[1]] + g(, S-{1})5,
where 1 1s not an element of S.
L[1,j] denotes the distance between city 1 and city j. 8/40



S|=0

g(2, ®)=L[2,1]=5
g(3, ®)=L[3,1]=6
g(4, ®)=L[4,1]=8
|SI=1
(2, {3})=L[2,3]+g(3, ®)=15
(2, 14})=L[2,4]+g(4, ©)=18
8(3, 12})=L[3,2]+g(2, ®)=18
8(3, 14})=L[3.4]+g(4, ©)=20
g(4, 12})=L[4,2]+g(4, ©)=13
(4, {3})=L[4,3]+g(3, D)=15
[S[=2

g(2, {3,4})=min{L[2,3]+g(3, {4}), L[2,4]+g(4,{3})}=min{29,25}=25
g(3, {2,4})=min{L[3,2]+g(2, {4}), L[3.,4]+g(4,{2})}=min{31,25}=25
g(4, {2,3})=min{L[4,2]+g(2, {3}), L[4,3]+g(3,{2})}=min{23,27}=23
IS|=3
o1, {2,3,4})=min{L[1,2]+g(2, {3.4}), L[1,3]+2(3, {2.4}).L[L4]+e(4, {2,3})}
= min{35, 40, 43} = 35.
2T, REFEHERDRSII3ISTHS.

9/40



S|=0

g(2, ®)=L[2,1]=5
g(3, ®)=L[3,1]=6
g(4, ®)=L[4,1]=8
|SI=1
(2, {3})=L[2,3]+g(3, ®)=15
(2, 14})=L[2,4]+g(4, ©)=18
8(3, 12})=L[3,2]+g(2, ®)=18
8(3, 14})=L[3.4]+g(4, ©)=20
g(4, 12})=L[4,2]+g(4, ©)=13
(4, {3})=L[4,3]+g(3, D)=15
[S[=2

g(2, {3,4})=min{L[2,3]+g(3, {4}), L[2,4]+g(4,{3})}=min{29,25}=25
g(3, {2,4})=min{L[3,2]+g(2, {4}), L[3,4]+g(4,{2})}=min{31,25}=25
g(4, {2,3})=min{L[4,2]+g(2, {3}), L[4,3]+g(3,{2})}=min{23,27}=23
S|=3
g(1, {2,3,4})=min{L[1,2]+g(2, {3,4}), L[1,3]+g(3, {2,4}),L[1,4]+g(4, {2,3})}
= min{35, 40, 43} = 35.
Therefore, the length of an optimal tour is 35.
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AN B DERMERT I 57
U={1,2,..,n} &9 5.
for(1=2; 1<=n; 1++)

g(1, ®)=L[1.1];
for(k=1; k<n; k++){

for 1ZEFHNF A XKDTARATODEHDESS {

for SICEFENZELNT RXTDIZDLT
g, 8) = min; ¢ {L[i] + (i, S-{i})}

)
return g(1, {2, 3, ..., n});
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Algorithm P28-A0:
Input: A graph representing distances among cities.
U={l1,2,...,n}.
for(i=2; 1<=n; 1++)

g(1, ®)=L[1,1];
for(k=1; k<n; k++){

for each subset S of size k not containing 1 {

for each 1 not contained in S

| e mine (L g6, S-GD)
return g(1, {2, 3, ..., n});

Exercise E10-4: Express the computation time and amount of

storage of the above algorithm as functions of n.
(Hint: It 1s not a polynomial, but 1t’s better than n".)
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