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Deterministic and Randomized Algorithms

Deterministic Algorithm:

Its behavior is the same if input 1s the same.

The worst case for the algorithm is determined by input.
Randomized Algorithm:

Behavior may be different for the same input.

The worst case is determined by random numbers.

—worst case rarely happens

The largest effect of introducing random numbers.

Algorithms using random numbers
Monte-Carlo Algorithms
Its output may be wrong, but some output is always returned.
Las Vegas Algorithms
Although 1t may fail to find a solution, but if it finds any

solution it 1s always a correct solution. /44
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Monte Carlo Algorithms

Problem P30: Given a query data q, find an element closest or
seemingly closest to q among those elements stored 1n an array.

 Assume that n data are stored in an array a[].
- If they are sorted in the array, O(log n) comparisons suffice by
binary search.

- If they are not sorted, n comparisons are required to find one
closest to a query data q.

A number of comparisons are required to find the closest element.
Then, 1s any speedup possible to find only a seemingly closest one?
randomized algorithm
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Problem P30': Among a number of data stored 1n an array, find
any element that is within 20% 1n the order of closeness to a data
given as a query.

Algorithm P30-A0:

Input:n elements stored 1n an array a[] and a query data q
Comparing q with the first through (0.8n+1)-th data in the array a[],
return an element closest to the query data q as a solution.

Since the above algorithm examines more than 80% of the elements,
the element closest to @ among them satisfies the requirement of the
problem.

However, 1t requires time proportional to 0.8n, that 1s O(n).

Is any speedup possible?
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Algorithm P30-A1l:

Input: n elements stored in an array a[] and a query data q
Choose 20 elements randomly from the array a[] using random
numbers and return the one closest to the query as a solution.

Although this algorithm always returns a solution, but it 1s not always
correct. => Monte Carlo algorithm

Analysis of failure probability of the algorithm
What is required is an element within 20% in the closeness to q.
Let A(q, 0.2) be such a set of elements.

Probability that an element is in the set A(q, 0.2) 1s 1/5.

(failure) Probability that an element 1s not in the set 1s 4/5.
A solution of the algorithm is not correct when it fails to find a correct
solution 20 times consecutively, with probability (4/5)%=0.0115292...

That 1s, 1t fails only once 1n 100 trials.
10/44
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Exercise E13-1: How many elements should be taken randomly
to make the failure probability less than 0.017?

Exercise E13-2: We want to find an element that is within 10% 1n
the closeness to a query data among a million elements.

(1) How many comparisons are required to have a correct answer
using a deterministic algorithm?

(2) How many comparisons are needed to find a solution with
failure probability at most 0.01 using a randomized algorithm?
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Formal argument

When a set S of data are stored in an array, we want to find an
element af1] of S that 1s sufficiently close to a query data q with high
probability.

A formal expression of a notion that an array element a[1] 1s

sufficiently close to a query q:
e Condition 1: “For a small value ¢, at most ¢|S| elements of S are
closer to q than afi].”
High probability:
« Condition 2: “For a small value §, the probability that an element
satisfying the condition 1s at least 1 —9.”

The probability that a randomly chosen element does not satisfy the
condition 1 1s 1 —&. The probability that none of k chosen ones
satisfies the condition 1 is less than dwhen (1 —g)k<3d.

=>If we choose randomly k=log o6/log(1 —¢) elements, W€ can find

an element sufficiently close to a query with high probability.
14/44
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Las Vegas Algorithms

Algorithms using random numbers
Monte-Carlo Algorithms
Its output may be wrong, but some output is always returned.
Las Vegas Algorithms
Although 1t may fail to find a solution, but if it finds any
solution 1t 1s always a correct solution.

Problem P31: Given terminals arranged on the gridded wiring
region and wiring requirements, find a wiring pattern so that the
maximum number of wires passing between two blocks 1s minimum.

We restrict ourselves only to two-terminal nets and each net 1s
realized using at most one bend.

The number of wires between two blocks 1s called the congestion.
Want to find wiring routes with minimum largest congestion.
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Example:

1

1

Since there are 2 routes for each net, there are 2" different routes

1n total.

So, a naive algorithm takes at least 2" time.

Max congestion=3

1

6

7

Max congestion=1
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Two different routes between two points a and b
O-route=horizontal line incident to a and a vertical lineto b
1 -route= vertical line incident to a and a horizontal line to b

O a Q@ a

ao a9@
J)b @b bLO b®

O-route 1-route O-route l-route

Distinction between 0- and 1-routes 1s independent of relative
location of terminals a and b.

If the two terminals have the same y- or x-coordinate, then O-route
1s 1dentical to 1-route.

Generating a 0-1 random number for each terminal pair, we can
determine either route randomly.
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Algorithm P31-A0: Route Finding Algorithm 1:
Input: A set of 2-terminal nets and an integer d.
for 1=1 to n{
generate a random number r taking O or 1;
determine the i-th route as r-route;
)
find the maximum number max of wires passing through block
boundary by checking all block pairs;
if max =d then stop after reporting this routing pattern;
else stop after reporting the failure;

Although this algorithm does not always report a solution, if it does,
the solution 1s always the one with maximum congestion at most d.
The problem 1s how high the probability of getting a solution is.

In the previous example, there are only two patterns with max congestion 1.
Since there are 27=128 patterns, the probability to obtain a correct solution is

only 1/64. That is, we find a correct solution once for 64 trials.
22/44
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Randomized algorithm based on probabilistic rounding

The 1-th route 1s specified using two logic variables.
X;,=1 1f a route for a net 1 1s 0-route,
X;0=0 otherwise (when it is a 1-route).
x;;=1 1f a route for a net 1 1s 2-route,
x;;=0 otherwise (when it is a O-route).
For each block boundary wy, a set of wire numbers whose 0-route
passes through it 1s denoted by T . T, 1s also determined.
Then, we have to choose either route for each net, we have
X tx;=1 1=1,2,...,n.
The condition that at most d wires pass through wy 1s expressed as

ZjETbO Xjo T ZjETbl Xi1 édajzla 2,..,m,
where m 1s the number of block boundaries.

This 1s a Integer Linear Program.
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Example:

1

1

]

O-route for each terminal

pair

X19TXg0TX50=d,
X4 X5 =d,
X40TX79=d,
X190 Xs50TX7 =d,
X30TX4q X5 =d,
X30TX4 X0 =d,
X10TX6 X7 =d,
X, 11X, =d,
X30TXg0TX70=d,
Xe1 X7 =d,
XX, =d.

Since the 0-route for net 1, O-route for net 4, and

O-route for net 5 pass through this block
boundary, the corresponding inequality 1s
X1TX4otXs0=d

26/44
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Integer Linear Program 1s NP-complete. So, no efficient algorithm.
Introducing an idea of probabilistic rounding
(1) Solve the integer linear program as a linear program neglecting

integer constraints.
(2) If the solution obtained 1s not an integer solution, then round it

into an integer solution nearby by rounding a value p, 0=p=1
into 1 with probability p.

1 4 Solving this x,0=0, X,;=1,
9 3 pr(?blem as | x,,=1, x,,=0,
) ! a linear X40=1, X4,=0,
5 1 program X40=0.5, x4,=0.5,
8— 6 7 Xs50=0, X5,=1,
2 X60=0.3, X¢,=0.5,
X70=1, X7;=0,
8 5 6 7 Xgo=1, Xg;=0

Finally, we determine x,, and x,, by
random numbers. 28/44
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Theorem 13-1: Let € be an arbitrary number s.t. 0 <¢ < 1.
Given a problem of determining routes of n nets, let d* be the value
of an objective function of the linear program relaxed from the
corresponding integer linear program, and dP be the maximum
congestion of a wiring pattern using the probabilistic rounding.
Further, let d* be the maximum congestion of an optimal solution.
Then, with probability 1 —¢ we have

dr =d(1+9 =d*(1 +9),
where 0 1s a value such that the probability that the congestion
becomes 1+dtimes larger than d” 1s below &/2n, that is,

Pr{d>(1 +0) d*}<¢&/2n.

Proof is omitted.
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Random Sampling

Extract a fixed number of data out of a given data set and solve an
original problem using a solution to those samples.

Problem P32: Find a median of n given data.

(1)Sort n data and output the median...... O(n log n) time
(2)Use a revised version of Quicksort.

Best case: O(n) time, worst case O(n?) time, average O(n log n).
(3) Partition them into groups of odd number of elements and use

the median of their medians....worst case O(n) time.
In the asymptotic analysis the algorithm (3) is the best, but it takes
more time 1n practice.
Is there any more practical algorithm?

How about randomized algorithm?
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Problem of finding the k-th largest element

set S of n data = random sample R of sizer,

Find an element in R corresponding to the k-th largest one in S.
In addition, find a value L which 1s seemingly smaller than the
objective value and a value H larger than it.

k
]
Large \ \ ./ Small
1 ' r
| ] Random
L

H Sample

By finding elements corresponding to L and H in the original
set S, we can narrow candidates for our target value.
If r<<n, we can sort r data in O(n) time.
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Algorithm P32-A0: (Lazyselect)

Input: A set S of n data and an integer k, 1 <k <n.

1.Take a random sample R of size r from S.

2.Sort the elements of R.

3.Find an element L that 1s the (kr/n+t)-th largest element in R.
4. Find an element H that 1s the (kr/n-t)-th largest element in R.
5.Scanning S, partition S into S1={x|x<L}, S2={x|L=x =H},
and S3={x|x>H}.

6.if [S3| = k or k > [S3]+|S2| then failure.

7.Sort the set S2 and report the (k-|S3|)-th largest element 1n S2.

Problem 1s how to choose the size r of a random sample.
r: larger=estimation 1s exact, but more time.
r: smaller=>efficient, but estimation is not exact.

How to determine L and H

How to determine the gap t between L and H 36/44
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Determining the size r of random sample and parameters L, H

r = n’4, t=n!?: parameter to determine the gap between L and H
=>time for sorting random sample is

O(r log r) = O(n**log n**) = O(n).
By the Chernoff’s theorem the probability that the k-th largest
element 1s not between L and H 1s bounded by

(n**/n) X (k/n) X (1-(k/n)) < (k/n) X (1/n!/4).
This implies that the failure probability becomes infinitely small
as n becomes larger for any value of k in the range 1<k<n.

Computation time
Sorting of a random sample 1s done 1n O(n) time.
The other operations are done in O(n) time. So, O(n) in total.

Exercise E13-3: Devise an algorithm for extracting r data out of n data
randomly without any duplication. Also, analyze its computation time.

AQ /A
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Exercise E13-4: There are 366 birthdays. Now, suppose that there
are n persons in a class. Compute the probability that any two of
them have the same birthday. Also, compute how many numbers
of pairs have the same birthdays, that 1s, the expected number of
pairs of the same birthdays.

Exercise E13-5: Let A be a randomized algorithm of Monte Carlo
type. Suppose A returns a correct answer with probability p,(n) and
average computing time be T A(n). Show that we can transform

the algorithm A into an algorithm of Las Vegas type 1f we can
determine whether an output of algorithm A 1s correct or not in

T’ A(n) time. Also, show that it 1s done in time

(T_A(m) +T' A(n))/ps(n) on average.

Exercise E13-6: Investigate Chernoft’s theorem.
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Running Time Analysis of
Randomized Algorithms

Problem P33: Coupon Collectors Problem

— We want to collect all n kinds of coupons uniformly at
random.

— We proceed until all kinds of coupons are collected
— How many coupons we will have on average?
...It appears when we analyze Las Vegas type algorithm.

Theorem: The expectation value of the number of
coupons 1s O(n log n)

2/44
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Running Time Analysis of
Randomized Algorithms

Theorem: The expectation value of the number of
coupons 1s O(n log n)

Proof

Define “state i "= “having i kinds of coupons”.

Trials start at state O and finish at state ».

The conditional probability that it reaches to state i+1 from
state i 1S (n-i)/n

Thus the expected number of trials from state i to state i+1
1S n/(n-i)

By the 11near1ty of expectatlon we have

— = —= =nH
Zo:n I nZn [ nz -

where H 1s the harmonic number and hence H =0O(log n) . O .
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Example: Analysis of QuickSort

— Sorting Problem
Input: An array a[n] of n data
Output: The array a[n] such that
a[l]<a[2]<...<a[n]

% To simplify, we assume that there are no pair 1#] with a[i]=a[j]

— In practical, QuickSort 1s said to be “the fastest sort”
» Representative algorithm based on divide-and-conquer
« If partition is well-done, it runs in O(n log n) time.
« If each partition is the worst case, it runs in O(#n?) time.

...Can we analyze theoretically, and guarantee the running time?
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Example: Analysis of QuickSort

— Review of QuickSort Las Vegas
 (Call gsort(a,1,n) Algorithm
« If gsort(a, 1, ) 1s called,
— (Randomly) choose a pivot a[m]
— Divide a[] into “former” and “latter” by a[m]. L.e., sort as

a[i’]<a[m] for i= 1’ <m, and [C.F.]
a[j’>a[m] for m<j’<j. We can always find
— Return gsort(a, 1, 1’), a[m], gsort(a, j’, j) as the result the center in O(j-i)
time.

— Though they say that QuickSort is the fastest in a practical sense,,,
 When a[m] 1s always the center of a[1]..a[j], we have
T(n) = 2T(n/2) + (ctl) n
and hence 7(n) = O(n log n).
 When a[m] 1s always either a[1] or a[j], we have
T(n)=T(1)+T(n-1)+(ct+1)n
and hence T(n) = O(n2). e Q@

What about

average case?




T 22 ER AT D QuickSort D FEHT
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Example: Analysis of QuickSort

— They say that QuickSort 1s the fastest in a practical sense,,,
e Assumption: each item 1n a[1] ... a[j] 1s chosen uniformly at random.

— Thus the kth largest value is chosen as the pivot with probability
1/(j-i+1)

[Theorem] An upper bound of the expected value of the

running time of QuickSort is 2n H(n)~ 2n log n It runs fast

since few
overhead.

— Notation
» s, 1s the kth largest item in a[1]...a[n].
» Define indicator variable X . as follows

0 s;and s; are not compared in the algorithm
i1 s,and S are compared in the algorithm

— Running time of QuickSort
~ the number of comparisons= ZZX

i=l j>i
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Example: Analysis of QuickSort

[Theorem] An upper bound of the expected value of the running
time of QuickSort is 2n H(n)~ 2n log n

— The expected value of the running time of QuickSort=

Y X,1=3 S AL,

im1 joi i1 joi (Linearity of expectation value)
— Define as “p;; : probability that s; and s, are compared”,

E[X,;]=p,x1+(-p,)x0=p,
Thus consider the value of p;,
— When s; and s; are compared??
1. One of them is chosen as the pivot, and
2. They are not yet separated by gsort up to there
< Any element between s; and s, are not yet chosen as a pivot
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Example: Analysis of QuickSort

[Theorem] An upper bound of the expected value of the running
time of QuickSort is 2n H(n)~ 2n log n

*  When s; and s; are compared?
1. One of them 1s chosen as the pivot, and
2. They are not yet separated by gsort up to there
< Any element between s; and s, 1s not yet chosen as a pivot

— The ordering of pivots in s, S, .y, ;19 - S 1»5; 18 uniformly at random!

— Thus s; or S; is the first pivot with probability i

Therefore, the expected time of the running time of QuickSort

= Y X, 1= EX,1=Y Y p, =Y

i=l j>i i=l j>i i=l j>i i=l j>i ] l+1

n nz+12

=> Z—<2ZZ =2nH (n)

i=1 k=2 zlkl
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