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Computation Theory/
Computational Complexity

e Goal 1:

— “Computable Function/Problem/Language/Set”

* We have two functions;
1. Functions that are not computable!
2. Functions that are computable.

e Goal 2:

— How can you show “Difficulty of Problem”

* There are intractable problems even if they are
computable!

— because they require too many resources (time/space)!
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Computation Theory/
Computational Complexity

e Goal 1:
— “Computable Function/Problem/Language/Set”

* Technical terms;
computability, diagonalization

e Goal 2:

— How can you show “Difficulty of Problem”

* Technical terms;
The class NP, P#NP conjecture, NP-hardness, reduction
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“Introduction to the Theory of Computation”
Michael Sipser, PWS Publishing Company, 1997.
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Text book

“Introduction to the Theory of Computation”
Michael Sipser, PWS Publishing Company, 1997.

I Part 1 (Chaps. 1, 2)
T Automata and Languages
| “m‘ E §

Introduction to the Theoryof 4 [Hﬁﬂ [ﬂﬁﬂ% ﬁi@%ﬁa’ - ... 1118 Graphs & Automata

“f% BEW2m

13 A 5 wark Part 2 (Chaps. 3, 4, 5, ©)
i ‘ ‘ Computability Theory
9' , | ... 13t Goal

Part 3 (Chaps. 7, 2, 9, 10)
Complexity Theory
... 2" Goal

3"d edition is available in English Edition...
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1. Function/Problem/Language/Set

1. What are functions/problems/languages/sets’?

Function: correspondence between Input & Output

x (input) ——

Function F

——» y=F(x) (output)

Point: For the same x=x; and x=x, , we always have F(x,)=F(x,).

Problem: computation of a function

Eg Sorting Problem

input: sequence of natural numbersa,, a,, ..., a
output: increasing order a;, g, ..., Q;

n

in®
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1. Function/Problem/Language/Set

1. What are functions/problems/languages/sets’?

Function: correspondence between Input & Output

x (input) ——

Function F

——» y=F(x) (output)

Point: For the same x=x; and x=x, , we always have F(x,)=F(x,).

Problem: computation of a function

Eg Performance of a computer system S

system S

u=v

«<—— x (input)

——» y (output)

problem of computing a function to map (x,u) to (y,v)
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1. Function/Problem/Language/Set

1. What are functions/problems/languages/sets’?

Typical Function: computation of 0/1 for given x in
binary string

x(input) —  FunctionF [— Y=F(x)..0or1
in binary string

Eg Grammar check in C compiler

Grammar | | y=F(x) ... 0: Error!!
checker 1: OK.

x (input) ——
source file
(in binary representation in computer) (turn to generate exe-file.)
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1. Function/Problem/Language/Set

1. What are functions/problems/languages/sets’?

Language recognition: decide if given x is a correct
“word” (for given grammar)

x (input)

—>

in binary string

Grammar
checker

— y=F(x) ... 0: wrong
1: correct

Set recognition: decide if given x is in some S or not

-

( Set S

0

111

~N
00

\ >*={¢,0,1,00,01,10,11,...}
€ £: empty string of length 0
10 S={0,1,111,...}

10001

/
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1. Function/Problem/Language/Set

[Note] In this class, we only consider binary functions
f(x):2* = 2, where 2={0,1} (and 2*={¢,0,1,00,01,10,11,...})
..Why?

[Reason] We can simplify the arguments without changing
the essence of computation.

* General alphabets?

* Multiple inputs?

 Multiple outputs?

 Non-digital data?
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1. Function/Problem/Language/Set

[Note] In this class, we only consider binary functions
f(x):2* = 2, where 2={0,1} (and 2*={¢,0,1,00,01,10,11,...})
..Why?

[Base 1] Any data can be represented by binary strings.
Ex.1: Any alphabet (a-z,0-9,...) can be encoded in
8bit binary string by ASCII code.
Ex.2: Any music can be encoded in mp3 format.
Ex.3: Any photo can be encoded in jpeg format.
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1. Function/Problem/Language/Set

[Note] In this class, we only consider binary functions
f(x):2* = 2, where 2={0,1} (and 2*={¢,0,1,00,01,10,11,...})
..Why?

[Base 2] Any language can be recognized by
some binary function as follows.

Ex.1: any English sentence be recognized by the following
function:

English
Sentence x ———{ grammar —— 0:xis not correct English
in binary string checker 1: x is correct English
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1. Function/Problem/Language/Set

[Note] In this class, we only consider binary functions
f(x):2* = 2, where 2={0,1} (and 2*={¢,0,1,00,01,10,11,...})
..Why?

[Base 3] Any function can be interpreted into

another binary function in a sense.

Ex. : for any f(x)=y over integers can be represented as...
* Anyinteger x can be represented in binary number.
 Computation of “f(x)=y” can be represented by the

following yes/no type function f

We consider that f”is as
hard as f
<x,y> ——  Function f’ > O:f(x)zy

in binary string 1: f(x)=y
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1. Function/Problem/Language/Set

[Note] In this class, we only consider binary functions
f(x):2* = 2, where 2={0,1} (and 2*={¢,0,1,00,01,10,11,...})
..Why?

[Exercise 1] How can you interpret the following sorting
problem into binary function?

Sorting Problem
input: sequence of natural numbers a,, a,, ..., a
output: a,,, a,, ..., 0;, in increasing order

n
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2. Algorithm

2. What are Algorithms?

Algorithm for solving a problem
— method for computing an output specified in the problem.

. ?
What to be computed: > different
* How to compute?

E.g. Problem of calculating a root of a quadratic equation
input: rational numbers a, b, ¢

output: an x that satisfies ax*+bx+c=0

— OQOutput is clearly defined but how can we find it?

"Algorithm = method"
=>»algorithm =a method that can be realized as a program

III

program ... depends on “machine mode
— history of “computability”
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3. Machine model & computability

3. Studies on what is a computation.
“When do we call a function computable?”
Recursive function theory by Kleene
Turing machine theory by Turing

=>»the whole set of recursive functions
=the whole set of functions computable by Turing machines

Church's Thesis on the definition of “computability”:
This is the set of “computable” function!
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3. Machine model & computability

3. Studies on what is a computation.

Turing machine model consists of

e finite control

Finite
control

* infinitely long tape

with read/write head | \\ gear
readvrrite -y

head

In|t|a” . : infinite tape
Y, T

[ 1|
1. tape consists of “letters”

2. the head is located at the leftmost position
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3. Machine model & computability

3. Studies on what is a computation.

Turing showed that Turing machine is universal

In the term of “function” Fu:

input <T x> —

Function Fu

— output y=T(x)

input <T x>: that represents “the code of 77 and “the code x of the input to 7’
output T(x): the output of T with its input x

[Theorem] (Turing 1936)
There is a (universal) Turing machine U such that it computes T(x)
for any given Turing machine T and its input x.



3RV ETIVESERBEE

3. [§¥&E 1&(E @/
Fa—)TFF -T2 D AEEEEEERA
Fa—)o9I I FTILTCRIRT HL:

Finite J’U@i’%iﬁ

control

K 3

\ 1. <Tx> [ EFBIESNTRADIZT—TIZEMN TN

car 2. T(x) X UIZEK>THRERBRIZT—TIZENMNS
(T(x) BMELELIEWES, UHRHE. )

readrrite
head

infinite tape
L[] IIﬁIIIIIII

AB<Tx>: [TEHFEAELEED IETTADA X IZZFEILLI-2 D0 ER
HAOT(x): IVUTICAN xEEZ-EEDOH T



3. Machine model & computability

3. Studies on what is a computation.
Turing showed that Turing machine is universal

In the term of “Turing machine”:

Finire J’ Description of U

conrol
1. <Tx>is encoded and written on the tape at first
| ccar 2. T(x) will be written on the tape by U in finite time
readrrite "y . )
head (if T(x) does not halt, sois U.)

i
L infinite tape
L[| [T I T T T T TTT]

input <T,x>: that represents “the code of 7’ and “the code x of the input to 7’
output T(x): the output of T with its input x



3RV ETIVESERBEE

3. [ETE1&FAh 2
Fa—) 027 NERANESE
Fa—Y i< EF7D#(Q,5,T, 6,94 4, a,) T,
« QIFREEEE(BRESR)
« JFTSUVRELZEFHEWVWAATILIZRYNERES)
e TIET—TF7IIT7ZRYRTbherMDICT (BEES)
5:QXr->QX T x{LRHIEFEHK
q, € QlEHHK BE
q,EQIF ZIEIREE

0, EQIFIEFREET, q,%q, ZOHY DM
BHEESEDCL.




3. Machine model & computability

3. Studies on what is a computation.

Formal definition of Turing machine:
A Turing machine is a 7-tuple (Q, %, T, §, q4 d, q,), where

* Qis the set of states,

* Jis the input alphabet not containing the blank b,
[is the tape alphabet, whereb&ETl and Z&T,
6:QXT->Q X T X{L,R}is the transition function,
do, € Qis the start state,

q,E€ Q is the accept state, and

q, € Qis the reject state, where q,#q, The details can be found
in the textbook.
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3. Machine model & computability

3. Studies on what is a computation.
Formal definition of Turing machine:

IIIIIIIIIIIIIIIII

A configuration uqv of a Turing machine; S .
c UET* v ET* GOl Gl eolk -
* q EQ :I$::nzg|1~2;:inewithconﬁgmrmiun 10114701111

A transition of a Turing machine:
* Determined by the function 6:Q X I->Q X T X {L,R}

A computation by a Turing machine:
* It starts from the start configuration q,
* makes transitions on a given tape string, and
* halts when it reach to g, or q..
* It acceptson q, or rejects on q.

The details can be found
in the textbook.
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3. Machine model & computability

3. Studies on what is a computation.

Formal definition of Turing machine:

We denote by L(M) the set of strings accepted by a Turing
machine M.

— A Turing machine M recognizes a language L& L(M)=L.

[Note] In general, a Turing machine does not halt necessarily.
We sometimes consider Turing machines that always halt for
any inputs. We will not distinguish between these models in
this class.
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3. Machine model & computability

3. Studies on what is a computation.

From its formal definitions:
e Q,32,T, 6, etc. are all finite set
e Each Turing machine M can be represented by an
encoded string <M>,
Simulation of a Turing machine:
Let M1 and M2 be two Turing machines.

If M2 computes the same output for any input <M1,x> as the
output of M1 for the input x, we say M2 simulates M1.

(To simplify, we denote by M2(<M1,x>)=M1(x).)
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3. Machine model & computability

3. Studies on what is a computation.

Turing showed that Turing machine is universal
* it can simulate any computation

* it has the same computation power as recent
supercomputers! (if you do not mind the speed)

Finite
contral

readwrite - .gaar
head

!: infinite tape
Ll [ ] [T T T T T 111
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3. Machine model & computability

3. Studies on what is a computation.

Turing showed that Turing machine is universal
E.g. 1.
k letters tape = binary tape;
each letter can be encoded by a binary string.

Finite
contral

readwrite - .gaar
head
L1 [ ]

!: infinite tape
H||ﬁ|||||||




3.RUVETIVLESTE TIRE
3. TEt&E 1 &l ?

Fa—)oTEF2

1512,

T— &R

1. T—TJ%¢

18I PR & =

2. 4BYDXFITH1%E A
3. ?{ETBEJkﬁEtB'CFEEBOD

—h | EEE

A RTHTYRILTE

T EE AT
5135

Finite
contral

read,."wﬂte

e

IIIIHII‘

72D AEETEZELBH

[Rf;

gear
»
"

ﬁ|||||||




3. Machine model & computability

3. Studies on what is a computation.

Turing showed that Turing machine is universal

E.g. 2.

infinite both sides = infinite just right side;
1. “fold” the tape at the center
2. for the four letters, apply E.g. 1.

Finite
contral

3. finite control has a state for

“which tape?” | \ gear
e 3

!: infinite tape
Ll [ ] [T T T T T 111
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3. Machine model & computability

3. Studies on what is a computation.
Turing showed that Turing machine is universal

E.g. 3.
k (binary) tapes = 1 binary tape;
1. “stack” the k tapes onto a tape
2. for the 2¥ letters, apply E.g. 1.

Finite
contral

[Exercise]
How can it manage e \{Em

head

each position of tape head? . infinite tape
P P I|||H||ﬁ|||||||
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3. Machine model & computability

3. Studies on what is a computation.

Turing showed that Turing machine is universal
E.g. 3.
k tapes = so-called “von Neumann computer”
= k bit computer on your desktop

&ddress Data

00000000 (0101 0101 .
0000 0001 (D000 0000 Finite control

00000010 [L1111111 P GO P
00000011 [LT001100
00000100 [1100 0011

11111110 D000 1111
11111111 (1111 0000
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3. Machine model & computability

3. Studies on what is a computation.
Turing showed that Turing machine is universal
Two crucial ideas;

1. A Turing machine T can be encoded as a (loooong)
binary string that consists of
1. string that represents the finite control

2. string that represents the contents on the tape

2. A universal Turing machine U simulates any Turing
machine T represented in the binary string.

(The machine U is a kind of “simulator”)
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3. Machine model & computability

3. Studies on what is a computation.

Turing showed that Turing machine is universal

In the term of “function” Fu:

input <T x> —

Function Fu

— output y=T(x)

input <T x>: that represents “the code of 77 and “the code x of the input to 7’
output T(x): the output of T with its input x

[Theorem] (Turing 1936)
There is a (universal) Turing machine U such that it computes T(x)
for any given Turing machine T and its input x.
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4. Undecidability and Diagonalization

4. Undecidable problem

The following problem cannot be solved by any
Turing machine:

Problem HALT(Problem of deciding halting)
input:a code <T x> of Turing machine T and an input x
output: T will terminates for the input x?
Yes: if T(x) terminates
No: otherwise.

Precisely, we can show that there is no Turing machine U’ that
computes the halting problem

...Proof is done by “diagonalization”
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