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Computation Theory/
Computational Complexity

e Goal 1:

— “Computable Function/Problem/Language/Set”

* We have two functions;
1. Functions that are not computable!
2. Functions that are computable.

e Goal 2:

— How can you show “Difficulty of Problem”

* There are intractable problems even if they are
computable!

— because they require too many resources (time/space)!
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3. Machine model & computability

3. Studies on what is a computation.

Formal definition of Turing machine:

We denote by L(M) the set of strings accepted by a Turing
machine M.

— A Turing machine M recognizes a language L<L(M)=L.

[Note] In general, a Turing machine does not halt necessarily.
We sometimes consider Turing machines that always halt for

any inputs. We Wil otre e e e S caaaaa s in

this class.

Today’s Topic: We will consider this part seriously.
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4. Undecidability and Diagonalization

4. Undecidable problem

The following problem cannot be solved by any
Turing machine:

The problem HALT (Problem of deciding halting)
input:a code <T x> of Turing machine T and an input x
output: T will terminates for the input x?
Yes: if T(x) terminates
No: otherwise.

Precisely, we can show that there is no Turing machine U’ that
computes the halting problem.

...Proof is done by “diagonalization” essentially...



4T EAR RS AL
4. 3 BBIIAIC L BEH E BN DI

[FEIE4.1] (ZIE T HIE B REHALT IR EABETH 5.

[t R EmAIC K HEEEA]
SAERREL QAN BT R THLLELIEEE D LT 5.
EEO0NRERIT—ODFa1—)TIIUIZHIGL.
ZTNIEZ D2EXFIITRIAINS.
NbD2EXFH I FEERIERFT

by, by, ..., by ...
EH|ETES.
L= 2 TODNIT ARTHORERIIRDLSIZHNETES:
Fir for oo s fo o

BEICWVAZE O IXTEES!




4. Undecidability and Diagonalization

4. 3. Proof of undecidability via Diagonalization
[Theorem 4.1] The problem HALT is undecidable.

[Proof by diagonalization]
Let @ be a set of all computable functions (with one argument) .
Each element in ® corresponds to a Turing machine, that can be represented
in a binary string in 2*.
Thus we can enumerate all corresponding binary strings as
by, b,, .., b, ..
in the lexicographical order.
Thus, we can also enumerate all the functions in ®:

fu o oo fir o
In other words, the set @ is a countable set!
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[ Our conclusion: The problem HALT is not computable. ]
°0
(O - T

The set of functions is uncountable, while

the set of computable functions is countable.
\ A

Diagonalization
Given a countable set G, construct an element g
which does not belong to G.
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5. Computability and Enumerability

TM Ais encoded in a, and its input x

5. 0: Preliminary
[Theorem 4.1] The problem HALT(a, x) is uncomputable.

[Theorem 5.1] The following variant of the halting problem
HaltinTime(a, X, t) is computable.

HaltInTime(a, x, t):
Does Turing machine A with input x will halt in t steps?

[Proof]
We can simulate TM A with input x in t steps using the
universal Turing machine.

The problem “does a given program halts?”
cannot be solved, while the problem “does a
given program halts after t steps?” is solvable.
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5.1. Examples of incomputable functions

Predicates concerning on properties of functions are often incomputable.
Ex.5.1. Does a given program always output 0?

Zero(a): a is a code of program A, and A(x)=0 for any x.

Zero is incomputable.
The following program Y, ,,(t) exists: % As same as HaltinTime(a, x, 1)

e For any fixed program code a and x,
* Simulate A(x) t steps, and
 Qutput 1ifit halts
e Output 0if it does not halt
Now, we have;
Halt(a,x)="yes” & 3tY,, (t)=1 < Zero(y,,))="no"
Halt(a,x)="no” & VtY,, (t)=0 & Zero(y, ,)="yes”
Therefore, if Zero is computable, Halt(a,x) is also computable as follows:
* Construct a program code y,, ,, of Y, ,, from a,x, and
* Output the opposite of Zero(y, ,)-

Since Halt is incomputable, Zero is also incomputable.
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Ex. 5.2. Is a given program total?

Total(a): a is a code of program A, and A(x)# L for any x.

Given a program A, consider the following computation.
(1) Find all halt statements. = assume that it is halt(y).
(2) Rewrite as [if y20 then loop, otherwise output y and halt].
(3) For each halt statement, do the above.
Let B be the resulting program.
If the program A outputs other than 0 then it enters infinite loop.
i.e., unless A always outputs 0, B is not total.
The above conversion is computable = So is the following function
replace(a) = b, if ais a program code,
= a, otherwise,
where b is a code of the converted program B above.

On the other hand, V aE€2*[Zero(a) < Total(replace(a))]

Therefore, if Total is computable, then Zero is also computable, a
contradiction. Total is incomputable.
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5.2. Analysis of Computability

5.2.1. From Functions to Sets

Hardness of a function = hardness of a set

i}

structural analysis

Problem of recognizing a set (or decision problem)
L €3*, recognition problem of a set L
Given a string x, decide whether x belongs to L or not.
Characteristic predicate of L RL(x)¢&> xe€lL
Ex.5.3. EVEN ={<n>: nis even}, EQ = {<a, b>: a=b}
-Recognition of EQ: “Given a string, is it of the form <a,b>
and a=b?” or “Are two strings equal to each other?”
Formally, Eq(x)«— 3a,b[x=<a,b> A a=b]
Intuitively Eq'(a, b)«—[a=b]
There is little difference in hardness between Eq and Eq’,
so they are considered the same.
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Hereafter,
hardness of recognition problem of a set = hardness of a set

Problem =Problem of computing a function
Problem =Problem of computing a function on 2*
Problem=Problem of recognizing a set on X*

Def. 5.1. A set S is recursive if its characteristic predicate is
computable.

Ex. 5.4. HALT= {<qa,x>: Halt(a, x)}
HALT is recursive «—Halt is computable
Thus, HALT is not recursive.
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Two different ways of problem descriptions

String equivalence(EQ) Given an x, determine whether

Input: pair <a, b> of stringson X2* || “x € EQ?”

Question: a=b? where, EQ={<a,b>:a=b}
Intuitive Formal

Recognition program= a program of one input on x*
which outputs 1 or O for any input.

For a recognition problem A
A accepts an input x <= A(x) outputs 1
notation:A(x) = accept
A rejects an input x < A(x) outputs O
notation:A(x) = reject
A recognizesaset L <« L={x: A(x)=accept}

L is recursive <= There is a program recognizing L
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5.3. Enumerable set

There is no program for recognizing a non-recursive set,
but we have a different story if we consider weak “recognition”

Program A semi-recognizes a set L
forevery xeX*
xel < A(x)=accept
xel < AKx)= _L  (A(x) does not stop)

A set L is semi-recursive <> semi-recognizing program of a set L

Recursive sets - semi-recursive sets

l.e., recognizable sets & semi-recognizable sets
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while true d
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Ex.5.5. Halt is not recursive but it is semi-recursive

(Strategy:given a program and an input to it. Execute it to
determine whether its stops or not.
If it stops, we know it within finite time.)

prog HALT(input <a, x>);

var t num, when x is input to a program represented
begin / by a string a, it halts within t steps.
t:=0;

while true do
if HaltInTime(a, x, t) then accept end-if;
t:=t+1;
end-ehile
end.
This program semi-recognizes HALT,

since HALT(<a,x>) will accept for some t
when the program execute HaltInTime(a,x,t) if HALT(a,x).
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[Notation]
RANGE(g): range of a function g, i.e.,
set of all outputs of a program computing a function g

Theorem 5.2 Let L be an arbitrary non-empty set. Then, the following
two conditions are equivalent:

(a) L is semi-recursive.

(b) There is a computable function g such that L= RANGE(g).

Proof: (a)—=>(b)
L is semi-recursive ™ a program A that semi-recognizes L exists
c,: any element of L

prog G(input w: X*): =*;
var X: 2*; t: num;
begin
if weZZ*x N then halt(c,) end-if;
x:=1st(w); t:=2nd(w);
if Haltln Time(<A>, x, t) then halt(x) else halt(c,) end-if
end.

Let g be a function computed by this program G.
We prove that g satisfies (b) as follows:




7055 LG: AF<xt> [ZX LT HaltinTime(<A>, x, t)% 5halt(x).
ZHNLIEG halt(c,) ZEI1TTH

(1) g lIFTHEAIRETERIER

2) TRTDxELITIATREHININL
L(x)=accept — ¢ & N [ HaltiInTime(<A>, x, )]
— Jt € N[GlE<x, LT x ZH ]
FOTC.LDITARTHDERIIGCOHEANELTEND,
DFEY L © RANGE(g2).

(3)—7A, EALG y ¢ LITRLTHAIXFLLEGLD G,
L(y)=1 — VtEN [HaltInTime(<A>, y, )]
_SYEN[G [FAR<, >ITHLT e, ZHA]
DFEY, LOEDER y HGOHAELTERNLELY. KoT
L c RANGE(g) DFY RANGE(g)c L

=2),3)&Y L =RANGE(g)




g is computable and total
Since any xe L is accepted by A,
L(x) = accept —Jte N [HaltinTime(<A>, X, t);
—Jt e N [G outputs x for an input <x, t>]
—Jw (=<x,t>) € =*[g(w) =]
that is, LS RANGE(g)
every element of L appears as an output of G.
*On the other hand, since L does not halt forany y &1L
L(y)= L —Vt € N[ =HaltInTime(<A>, y, t)]
— Vt € N [G outputs ¢, for an input <y, t>]
—Vy ex+, VteN [g(<y, t>) # V]
yé L, c,elthus y=c,
—Vwe s [g(w)# V]
that is, no element y of L appears as an output of G.
L SRANGE(g)
L S RANGE(g) AL & RANGE(qg)
L = RANGE(qg)
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prog B(input x);
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Proof: (b)—2>(a)
i.e., there is a computable function g such that L = RANGE(g)
— L is semi-recursive
g is computable = there is a program G that computes g.
Using this, we have the following program B.

prog B(input x);
var w: ;
begin
cWi=
while true do
if G(w) = x then accept end-if;

w:=next(w) —

end-while next is a function that computes the next
end. element in the pseudo-lexicographic order

all the elements of X* are checked in order.
if there is a weX*such that G(w)=x, then xec L.
The above program semi-recognizes L.

(Q.E.D.)
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Theorem 5.3. For any infinite set L, the following two conditions
are equivalent:

(a) L 1s semi-recursive.

(b) There 1s a computable one-to-one function e such that

L=RANGE(e).
I f Proof of Theorem 5.3 is omitted.
C

Theorem 5.2 Let L be an arbitrary non-empty set. Then, the
following two conditions are equivalent:

(a) L 1s semi-recursive.

(b) There 1s a computable function g such that L=RANGE(g).
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Theorem 5.3

=» for a semi-recursive set L there exists a computable
one-to-one function such that
L={e(e), e(0), e(1), e(00), e(01), e(10), e(11), e(000), ...}
We say the function e enumerates L.

Def.5.2. A set L is (recursively) enumerable if
(a) L is a finite set, or
(b) there is a computable function that enumerates L.

Remark: Finite sets are exceptional, since for any finite set L
there is no total on-to-one function e such that L = RANGE(e).

Theorem 5.4 For any set L we have
L is semi-recursive <= [ is enumerable
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5.4. Comparison between enumerability and recursiveness
A: recursive set == the characteristic predicate R ,(x) is computable
That is, forx e X * it is computable whether x €A

B: enumerable set==> a function that enumerates B is computable
that is, we can enumerate all the elements of B
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Theorem 5.5. For any set L, the following conditions are equivalent.
(a) L is enumerable.
(b) For some computable predicate R, we have
L={x: dwe X* [R(x, w)]}

Proof : (a)—=2(b)
L is enumerable, so there is a computable function e enumerating L.
Define R(x,w) =[e(w) = x]
Since e is a function enumerating L,
L={x:3weyx+[e(w) = x]}
= {x:dwez*[R(x,w)]}
e is computable — there is a program that computes e
Moreover, e is total, and thus the program always stops and outputs
an answer. Thus, the predicate R is computable.
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prog C(input x);
var w: 3#
begin
wW:= &
while true do
if R(x, w) then accept end-if;
w:=next(w)
end-while
end.
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alE BA #2



Theorem5.5 For any set L, the following conditions are equivalent.
(a) L is enumerable.
(b) For some computable predicate R, L={x: dw €X* [R(x, w)]}

Proof: (b)—=>(a)
Using a program that computes a predicate satisfying the
condition (b), we have a program that semi-recognizes L.

prog C(input x);
var w: )%
begin
W:.= E;
while true do
if R(x, w) then accept end-if;
w:=next(w)
end-while
end.

Therefore, L is semi-recursive. That is, it is enumerable.
Q.E.D.




EATZETEEES LIZHDRDBEBRZ®ET-I 5THE A g%
W EERDNTFTE
[T RTD x ITRHL, x e L= TweZ*[R(x, w)]l

LDEREEIREZ Tw[R(x, w)] ELVST2DEGHIE X THITE Al BE.
B2, ZTDEOEH CRBEBEHE CELIEENMERES.

Awl[Q(x, w)] ELVOFZDFREIN: BMEAERESD-OHDHREX
(REGmIEZC)

QZx — DREGHIEE X D% (kernel) ELND.
LOREGHIET: MEBAHERELICHT HREGHE

LOREGFIEIX A Iw[R(x,w)] D EE,
BxelIZXL, Rix, w,) LD EIEw e 3* WFET S.
ZDw,z ‘xe L'OFERL (witness) EFE AN




For any enumerable set L there is a computable predicate R satisfying
“for any x €* we have x € L+=>3we X*[R(x, w)].

The problem of recognizing L can be determined by the predicate
of the form Iwl[R(x, w)].

Conversely, sets whose recognition problem can be determined in
this way are enumerable sets.

predicate of the form Aw[Q(x, w)]: predicate for enumerable sets
(RE predicate)
Q is a kernel of the RE predicate.
RE predicate for L: the RE predicate for an enumerable set L

If the RE predicate of L is Aw[R(x,w)],
for each x €L there is w, €2* such that R(x, w,) is true.
Such w, is called a witness for ‘x €L’



5.5. 7 ARECEY T ARE
J7ZAREC ={L: L [TImHABT}: ISR S DIT R

o VS ARECHSMAIFIFRFRBO T LNE S D FELE,
e TTHWIERRELM DN DTULVENCZETOERTIE)

HALT & 25 AREC

B 4% : REC DHMAI D FEEL D #E5E D fE AT
RECOSMA THREKNPLT NERED IS AL 2
— MEAHRRST.



5.5. Class REC and Class RE

Class REC ={L: L is recursive}: a class of recursive sets

e Outside of the class REC is a region for non-recursive sets.
It is only known that it is not empty (by the argument so far).

HALT & class REC

GOAL: Analyzing the structure outside REC
What is the easiest class of sets outside REC?
—— enumerable sets.



RE ={L: L XM ZEAIHE
co-RE= {L: L A E A RE

T LES
LHVIZE ] RE—L DN FIFHNEY
= | ®FFHITHT0T S LADTFE.
xeS", x€ L+—=A(x)=accept
XA —=A(x)= L

55 R co-REIZHIS ARED YIS ARETIFHNC LTS

515.6. 25 ARE, co-REIZADEE DHI.

HALT € RE, HALT <co-RE



PE={L:Lis e_numerable}
co-PE= {L: L is enumerable}

Note:L:set
L is enumerable <= L is semi-recursive
—there is a program A that semi-recognizes L.
X€X*, xel — A(x)=accept
xeg —AX)= L

Note that the class co-RE is not complementary of the class RE.

Ex. 5.6. Examples of sets belonging to class RE and class co-RE.

HALT € RE, HALT € co-RE



RE&cO-REIFEIFEED gL

A EFEDREES
x€S[(xe A — X(x)=accept) A(x €A — X(x)=_1)]
L35I S LXIMEND
B:AEEMDco-REES
xeS[(xeB— X(x)=_L) A(x &B — X(x)= accept)]
L13HT8T T LXMNMENS

LRERD2ODTATSLIFIKEUTEY, #LSIZENDIFLNLLN.



RE and co-RE are equally “hard”

A:arbitrary RE set
we can write a program X such that
x€S[(xeA — X(x)=accept)A (x €A — X(x)=_1)]
B:arbitrary co-RE set
we can write a program X such that
XS [(xe B — X(x)=_) A(x &B — X(x)= accept)]

The above two programs are similar, and there is no difference.



EH5.6. T RXNTHORELIIXL, ROBEZRARKYILD.
(1) LeREC<+«— L €REC
(2) LeRE «— L €co-RE

AIEBH :
(1) LERECET DL, LEFFTBHMTHTOTSLLNHS.

accept 2 reject, reject 2 accept

EERTHE, (ZRHITEHTATILERS.
&oT, L €REC

(2)I&co-REMEZE KLYBHLH.
SEBR#%



Theorem 5.6. For every set L, the followings hold:
(1) LEREC«— L €REC
(2) LERE «— [ €co-RE

Proof:
(1) Le REC, then there is a program that recognizes L.
If we exchange accept with reject
accept 2 reject, reject 2 accept
then, the resulting program recognizes L.

So, L €REC

(2) is obvious from the definition of co-RE.
Q.E.D.



FEIE5.7. (1)REC ¢ RE (2)REC G co-RE

ZEER: JEE MREM L AR— I RE A S BR [ =B




Theorem 5.7. (1) REC S RE (2)REC S co-RE

Proof: Exercise or Report Problem or Examination




EIE5.8. REC=RENco-RE

=IFBA :
EIE57X&Y, RECSRENco-RE

FED L € RE N co-REIZDULVT, L € RECEHTLT=LY.

RELY, L €RE DD L[ €RE

wd! j&*n:unﬁk-d_éj D77-L\A t
LEFFIHTET055LADTEE.

ZDEE, k@?nvaB(iLé‘m&@*é.

prog B(input x);
var t: num;
begin

fort:=0to oo do

if HaltinTime(<A,>, x, t) then accept end-if;

if HaltinTime(<A,>, x, t) then reject end-if
end-for
end. alE A #R

XELDEE,
A DMSEITELELT
acceptEi .
X¢LDEE,
A,MSEITFELELT
reject&7i 5.




Theorem 5.8 REC=RE n co-RE

Proof:
By Theorem 5.7 we have REC&RE M co-RE
We want to show that Le REC for any L € RE mco-RE.
By the assumption, L €« REand L < RE
—there are a program A, that semi-recognizes L and

a program A,that semi-recognizes L.

Then, the following program B recognizes L. |ifxeL,
A, stops before A,

prog B(input x); and accepts x.

var t: num: FxgL,
begi A,stops before A,
€gin and rejects x.

fort:=0to °° do
if HaltinTime(<A,>, x, t) then accept end-if;
if HaltinTime(<A,>, x, t) then reject end-if
end-for

end. Q.E.D.



il

I25.9. RE # co-RE

AR :

RE=co-RE&{RE I 5 &, RE=RE M co-RE

EIE58KkY. REC=RELLY, EH

RE co-RE

5. 712 F /.
SEBR#%



Theorem 5.9. RE # co-RE

Proof:
If we assume RE=co-RE, we have RE=RE " co-RE.
Hence, by Theorem 5.8 we have REC=RE, contradicts to
Theorem 5.7.
Q.E.D.

RE co-RE



HEIDFE Schedule for short term
M RE(#EY) 5 A 148 10:50)
(Report 1; deadline is 10:50 on May 14)
SA9R :F1&, #HFEHY
(Supplemental lecture on Tutorial Hour)
5H14H : FfE7T Xk (Mid-term Examination)

sH7H:Lik—

« HREEIFH (Scope): SHNDFEZNDEHFET
?#BJAAJTEL\%O)(You can/should bring)

ZiC HE (Pen/Pencil)

1. RARDAE—(EFAHA]) +FEE/—Copies of

slides (with your marks)+ hand-written notes)

N

3. AMAFRFR1HK(

A

. FEZF/—NK(hand-written notes)

IRLZET) (A sheet of paper of A4 size, which

will be submitted)
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