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Computational Complexity

e Goal 1:

— “Computable Function/Problem/Language/Set”

* We have two functions;
1. Functions that are not computable!
2. Functions that are computable.

e Goal 2:

— How can you show “Difficulty of Problem”

* There are intractable problems even if they are
computable!

— because they require too many resources (time/space)!
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Computational Complexity

e Goal 1:

— “Computable Function/Probler| Graph Theory/Graph Problems/

. Graph Algorithms
* Technical terms, * Introduction to Graph Theory
computability, diagonalization * (Un)directed graph, multi-graph,

tree, planar graph
* Graph problems and graph algorithms
e Search Problems: Euler cycle,

minimum spanning tree

e Goal 2:
They will be

— How can you show “Difficulty of Problem” given one by

* Technical terms; one...

The class NP, P#NP conjecture, NP-hardness, polynomial time
reduction
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6. Computational Complexity

6.0. Overview
« “Computable?”
=»How much cost is required for computation?

— Computational Complexity Theory
1. Studies on upper bound of computational cost

2. Studies on lower bound of computational cost

3. Structural studies on hardness of computation
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6. Computational Complexity

6.0.1. Studies on upper bound of computational cost

Algorithm Theory: design of efficient algorithms

— Suppose we have an algorithm A which solves a
problem X in at most time T(n) for any input of
size n.

— Then, an upper bound on the time complexity of
the algorithm A is T(n).

[asymptotic worst case time complexity]
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6. Computational Complexity

6.0.2. Studies on lower bound of computational cost

If any algorithm for a problem X takes time T(n) in
the worst case, a lower bound on the time
complexity of the problem Xis T(n).

* P #NP conjecture
* Robustness of crypto system

6.0.3. Structural studies on hardness of computation

Studies to characterize hardness in the level of “xx-
hardness” hierarchical structure depending on the
hardness
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6. Computational Complexity

6.1. Measuring Computation Time
6.1.1. Time complexity of a Turing machine
Definition 6.1:
Let M be a (deterministic) Turing machine that halts on all inputs.
The running time or time complexity of M is the function f:N—>N s.t.

f(n) is the maximum number of steps of M(x) for all x of length n

In the case,
e we say that M runs in time f(n)
* M is an f(n) time Turing machine

We need further tools to

estimate/compare algorithms

[Note]
* f(n) takes the maximum for all strings of length n (worst case complexity)
e usually, f(n) may be monotone increasing function, but...?
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6. Computational Complexity

6.1. Measuring Computation Time
6.1.2. Big-O notation

Definition 6.2: For functions f and g on natural numbers, if
Ac,n, >0, Vn=n, [f(n)= cg(n)]
then we say f(n) is in the order of g(n) and denote it by f(n) = O(g(n)).

Remark: the constants ¢ and ny must be determined independently of n.

Ex. 6.1: The followings hold for any functions f, g and h on natural numbers:
1. Vn[fln) = g(n)] > f(n) = O(g(n))
2. [fln) =0(g) and g(n) = O(h(n))] = f(n) = O(h(n))

Ex. 6.2: Prove the following: [Comment] Some people write as f(n) € 0(g(n))
1. 5n3+4n%+n=0(n3)
2.  5n3+4n?+n=0(n%)
3.  5n3+4n?+n#0(n?)
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6. Computational Complexity

6.1. Measuring Computation Time
6.1.2. Useful Theorems about big-O notation

Theorem 6.1: For any non-increasing functions f(n) and g(n),
if lim WD) = 0, we have f(n)=0(g(n)).

n—oo g(n)

Proof: Omitted.

(A part of) I'HOpital's rule:

; f(m fr(n)
For any “natural” functions f(n) and g(n), we have }ll_rgg(n) }g_r)rég,(n)

Details and proof: Omitted.

Fact 6.1: p(n)=0(c") for any polynomial p(n) and any real number c>1.

Fact 6.2: (log n)k =0(n) for any natural number k.
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6. Computational Complexity

6.1. Measuring Computation Time

6.1.3. Time complexity of a problem

Definition 6.3: Let @ be a computing problem and f(n) be a function over natural
numbers. If we have a program A to compute ® that runs in time f(n) such that

Ac, ny>0, Vn=n, [ fin)= c g(n)]
then we say that @ is computable in O(g(n)) time, or time complexity of @ is O(g(n)).

Remark: the constants ¢ and ny must be determined independently of n.

Intuitively, Our analysis may be improved
“problem @ is computable within time f(n)” means

- time complexity of A may be less than f(n).
- there may be a faster program to compute @ than A does.
It only gives an upper bound of the complexity

of the problem. Better algorithm may be found




6.*. AT L RAMFIEREDER

PRIME
AN BARE 0 2EHTERIR) RE3—=) 0 DN
Eﬁ:ﬁ: n [i%’;&h\’? 7 n
PRIME ={n: n (3% %2}={2,3,5,7,11,13,17,...} nl~+2mw n(—j

e

program Naive(input n);
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foreachi:=1<i<ndo
if n mod i =0 then reject end-if

end-for;
\ log n=log i time
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end.
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6.*. Column: A history of the PRIME problem

PRIME o
Input:a natural number n (binary representation) Stirling’s Formula:
Question: Is n prime? _t
PRIME ={n : nis prime}={2,3,5,7,11,13,17,...} nl~ /27 n(—j

e

program Naive(input n);
begin try to divide by numbers between 2~n-1

foreachi:=1<i<ndo
if n mod i =0 then reject end-if

end-for;
\ log n=log i time

accept
end.

running time < Zl

= clog n log n'+dn = O(n(logn)?)

0(16) time algorithm was
developed in 2002!!

(clogn logi+d)

<i<n

When the length of nis I, | is approximately log n. So, the running time is O(/22/).
Thus, time complexity of PRIME is O(/?2/).
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6. Computational Complexity

6.1. Time Complexity Classes

6.1.3. Time complexity of a problem

Such a function t(n) is called a time limit.

Definition 6.4: For a function t(n) over natural numbers, the set of all sets
(i.e. recognition problems) with time complexities O(t(n)) is
called O(t(n))-time complexity class, and it is denoted by TIME(t(n)).

Ex. 6.3: PRIME was in TIME(n?2"),
but now it is in TIME(n®).

Exponer

Polynor

tial
zn
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6. Computational Complexity

6.1. Time Complexity Classes

6.1.3. Time complexity of a problem

Definition 6.5: For a function t(n) over natural numbers, the set of all sets
(i.e. recognition problems) with time complexities O(t(n)) is
called O(t(n))-time complexity class, and it is denoted by TIME(t(n)).
Such a function t(n) is called a time limit.

6.2. Representative time complexity classes

b= u:polynor-rnlllg/llE(p(l))
E = TIME(2¢
LJc>1 (2)
exe =\UJ TIME(2¢() )

p:polynomial

Cset: setinthe complexity class C.
C problem: problem of recognizing a C set.

Problems not in P are intractable
from the practical viewpoint...
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Ex.6.4: Polynomial makes no serious difference in the classes
P, E, EXP.
P: polynomial X polynomial = polynomial
E: linear power of 2 X polynomial = linear power of 2
EXP: poly. power of 2 X poly. = poly. power of 2

Ex.6.5: Complexity class of PRIME
PRIME € TIME(2/)
Thus, PRIME € E
But by the result in 2002, PRIME € P now!!

Def.6.6: T: set of time limits
LJt ETTIME(t): T time complexity class
—It is denoted by TIME(T).

C
Theorem 6.2: (1) P = U oTIME(F),  (2) EXP = U, oTIME(2")
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C

Theorem 6.2: (1) P = UpsoTIME(F), (2) EXP = U, q TIME(2' )

Proof: The proof of (2) is omitted.
T,: set of polynomials of the form of /.
T,: set of all polynomials

> since T, €T, , TIME(T,) € TIME(T,)
p: arbitrary polynomial (pis any element of T,)

if the maximum degree of a polynomial pis k, p(/) = O(/¥)
Now, for any times ¢,,f,,

t,=0(¢,) implies TIME(#,) & TIME(?,)

Therefore,

TIME(p(/)) S TIME(/X) S TIME(T,)

Therefore, TIME(T,) = TIME(T,)

Q.E.D.
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6. Computational Complexity

6.2. Representative Time Complexity Classes
6.2.2. Representative problems and their complexity

Problem 6.1: Problem of evaluating propositional expression(PROP-EVAL)
Input:<F,<ay a,,..,a,>>
*F is an extended propositional expression

" (a,, a,, ..., a,)is atruth assighment to F
Question: F(a, ay, ..., a,) =17

X—y X3y

xp) | (xVy) [(x—=y) A (—x))
(0,0) | 1 1

0,1) | 1 0

(1,0) |0 0

(1,1 | 1 1
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6. Computational Complexity

6.2. Representative Time Complexity Classes

6.2.2. Representative problems and their complexity

Problem 6.1: Problem of evaluating propositional expression (PROP-EVAL)
Input:<F,<ay a,, ..,a,>>
*F is an extended prop. expression
“(a,, a,, ..., 0, ) is a truth assighment to F

Question: F(ay, ay, ..., a,) =17

PROP-EVAL € P

Construct a computation tree from a code of F.

It is built in time O(| F|3). F(0,1,0)=1
Once computation tree is built,
we can easily obtain the value F(1,1,0)=0

F(a,, a,, ..., a,) in a bottom-up fashion.

Ex.: F(xy, X5, X3) = D A T %]V [xX;— Xx3]

computation tree
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6. Computational Complexity

6.2. Representative Time Complexity Classes

6.2.2. Representative problems and their complexity

Problem 6.2: Satisfiability (SAT)
Input:<F>F is 2-conjunctive normal form
Question: Is there any assignment such that F(a,, a,, ..., a,) =17

Conjunctive Normal Form (CNF)

F=( V V..V )A( V.V )A.A(.)
- described by A of V of literals.

k SAT: Each closure contains k literals ﬁ exactly/at most

We can define 3SAT, 4SAT similarly.

SAT consists of any CNF.

ExXSAT consists of any extended propositional expression.
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6. Computational Complexity

6.2. Representative Time Complexity Classes

6.2.2. Representative problems and their complexity

Problem 6.3: Graph reacheability problem (ST-CON)
Input:<G,s,t>: an undirected graph G, 1=s,t=n(=|G]|)
Question: Does G have a path from s to t?

Problem 6.4: Euler cycle problem (EULER) _ Actually,
Input:<G>: a graph G directed/undirected

Question: Does G have an Euler cycle? cycle/path
do not matter

Problem 6.5: Hamiltonian cycle problem (DHAM)
Input:<G>: a directed graph G
Question: Does G have a Hamiltonian cycle?

»Euler cycle is a cycle that visits all edges once.
»Hamiltonian cycle is a cycle that visits all vertices once.
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Example of a graph algorithm

Problem 6.4: Euler cycle problem
Input:<G>: A graph G
Question: Does G have an Euler cycle?

Theorem 6.3: A graph G has an Euler cycle if and only if G is
connected and every vertex has even degree.

[Proof] Omitted.

Therefore, the Euler cycle problem can be solved quite
efficiently.
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6. Computational Complexity

6.2. Representative Time Complexity Classes

6.2.2. Representative problems and their complexity

It is known that:

»The following problems are in P:
v'PROP-EVAL, 2SAT, ST-CON, EULER

» The following problems are in E, but...
v'3SAT, DHAM

(0D
The class NP between P and E?




	I238 計算の理論�
	I238 Computation Theory
	計算量の理論
	Computational Complexity
	計算量の理論
	Computational Complexity
	6. 計算量の理論
	6. Computational Complexity
	6.計算量の理論
	6. Computational Complexity
	6.計算量の理論
	6. Computational Complexity
	6.計算量の理論
	6. Computational Complexity
	6.計算量の理論
	6. Computational Complexity
	6.計算量の理論
	6. Computational Complexity
	6.計算量の理論
	6. Computational Complexity
	6.*. コラム：素数判定問題の歴史
	6.*. Column: A history of the PRIME problem
	6.計算量の理論
	6. Computational Complexity
	6.計算量の理論
	6. Computational Complexity
	スライド番号 27
	スライド番号 28
	スライド番号 29
	スライド番号 30
	6. 計算量の理論
	6. Computational Complexity
	6.計算量の理論
	6. Computational Complexity
	6.計算量の理論
	6. Computational Complexity
	6.計算量の理論
	6. Computational Complexity
	グラフアルゴリズムの例
	Example of a graph algorithm
	6. 計算量の理論
	6. Computational Complexity

