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Computational Complexity

e Goal 2:

— How can you show “Difficulty of Problem”

* There are intractable problems even if they are
computable!

— because they require too many resources (time/space)!

* Technical terms;
The class NP, P#NP conjecture, NP-hardness, reduction
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6. Computational Complexity

e Observation of the classes

Definition: Class P
SetLisintheclassP <
There exists a poly-time computable predicate R such that
for each xE€3", xELSR(x)

Definition: Class NP
Set L is in the class NP &
There exists a poly g and a poly-time computable predicate R such that
foreachx€:", xele Awe 3" : |w| =q(|x|)[R(x,w)]

Definition: Class coNP
Set L is in the class coNP <
There exists a poly g and a poly-time computable predicate R such that
foreach x€3", xelLeVweE I |w| =q(]|x]|)[R(x,w)]
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7. Analysis on Polynomial-Time Computability

7.1. Polynomial-time Reducibility

Definition 7.1:

Let A and B be arbitrary sets.

(1) function h: A->B: polynomial-time reduction
" (a) his a total function from X* onto X*

| (b)xeZ*[xe 4 <> h(x) € B]

_(c) h is polynomial-time computable.

(2) When there is a poly-time reduction from A to B,
we say A is polynomial-time reducible to B.
Then, we denote by ASZ B

(...within polynomial time, hardness of A = that of B)
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7. Analysis on Polynomial-Time Computability

7.1. Polynomial-time Reducibility

Theorem 7.1: ASZ B leads to

(1) BEP> A E P

(2)B € NP> A € NP.

(3) B € co-NP - A € coNP.
(4) B € EXP > A € EXP.

Note:class E is exceptional. Generally, BEE - AEE is not true.

Ex. 7.1: When we define ONE={1}, for each set L in P we have
L<’ ONE

if we define h(x) = 1, ifXEL,
0, otherwise
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7. Analysis on Polynomial-Time Computability

7.1. Polynomial-time Reducibility

Theorem 7.2: A, B, C: arbitrary sets
(HA <X 4
2)A<, BAB< C —>4< C

Definition 7.2:
A= B« A< BAB< 4

P . . .
~1s an equivalence relation.
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7. Analysis on Polynomial-Time Computability

7.1. Polynomial-time Reducibility

Theorem 7.3:
(1) 2SAT <, 3SAT <’ SAT < ExSAT
(2) 3SAT =/ SAT = ExSAT

Proof
(1) we have some proofs depending on definition:
(a) each instance of 2SAT is also in 3SAT if the
definition is “at most 3 literals in a clause”.
(b) each clause (x Vy) can be replaced by (xVy VYy).
(c) each clause (x V) can be replaced by
(xVyVz)A(xVyVz).

In any case, they are poly-time reduction, and the original
formula is satisfiable iff so is the resulting formula.
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7. Analysis on Polynomial-Time Computability

7.1. Polynomial-time Reducibility

Theorem 7.3:
(1) 2SAT <, 3SAT <’ SAT < ExSAT
(2) 3SAT =/ SAT = ExSAT

Proof (Outline)
(2) It is sufficient to show that ExXSAT <’ 3SAT by (1).
Strategy:
For any given F in EXSAT, we construct another F’in 3SAT
such that F is satisfiable iff F’ is satisfiable.
To do that, we first construct the computation tree of F,
and construct F’ that represents the computation process
of F.
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7. Analysis on Polynomial-Time Computability

7.1. Polynomial-time Reducibility

Theorem 7.3: (2) 3SAT =, SAT =, ExSAT

Proof (Outline)
(2) It is sufficient to show that ExXSAT <’ 3SAT by (1).

Reduction from ExSAT to 3SAT by an example:

F(x,x,,x)=[[x < x,]=>[x, Ax;]]Vv—x,

2) (1)/V\ (DF =V, v =,
e QY =V, >V,]

(3) <> (4)\/\ \ (3)[/'3 =[x, < X, ]
xl/ \ \X3 (D, =x, Ax;

X
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7. Analysis on Polynomial-Time Computability

7.1. Polynomial-time Reducibility

Theorem 7.3: (2) 3SAT =" SAT = ExSAT
Reduction from ExSAT to 3SAT by an example:
F(x,x,,x)=[[x < x,] =[x, Ax;]]Vv—x,

@ (1)/v\ (DY =V, v—=x;
@y =l -]

5% ‘4\ W, =[x, > x,]

RPN Gt
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F'(x,x,,x)=U AU < |U,v—x]INU, & [U, > U,]]
ANU; © [x © x5, AU, < [x, Axs]]
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7. Analysis on Polynomial-Time Computability

7.1. Polynomial-time Reducibility

Theorem 7.3: (2) 3SAT =) SAT = ExSAT

Reduction from ExSAT to 3SAT by an example:
F'(x,x,,x)=U AU < |U,v—x]INU, < [U, > U,]]
ANU; © [x © x5, AU, < [x, Axs]]

Then, by constriction, F() is satisfiable iff F”’() is satisfiable.
We show F”() can be represented by an equivalent F’() in 3SAT.

U U, v—x|=[-U vU,v—x AU v—U, v—x,]]
= :_IUI \/U2 \/—|x3:/\:U1 V[—|U2 /\Xz]]

=[=U,vU, v —x AU, v=U,|A[U, Vv x,]

=[=U,vU,v—x AU, v=U,v-U, AU, Vv X,V x,]

The other cases are similar, and F’() is in 3SAT.
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7. Analysis on Polynomial-Time Computability

7.2. Completeness
7.2.1. Definition and basic properties

Definition 7.3:

For a class G, if a set A satisfies
(a)VLEC[LS, Al

the set A is called C-hard (under <., ).
Moreover, if we have

(b) AEC,

then A is called C-complete.

Ex. 7.2: Examples of NP-complete sets
3SAT, SAT, ExSAT, DHAM, KNAP, BIN, VC, etc.
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7. Analysis on Polynomial-Time Computability

7.2. Completeness
7.2.1. Definition and basic properties

Theorem 7.4: For any C-hard (or C-complete) set A,
(1)A€EP>CCP CP: CZP 2 A¢P
(2)AENP > C & NP CP: CZNP > A NP

(3) AE€coNP = C S coNP CP: Cx coNP 2> A & coNP
(4) AEEXP > C S EXP CP: CZEXP > A &XP

Proof: CP: contraposition
(1) Let B be any C-set. Then, since A is C-hard,

B <, A and by the assumption AEP, we have B €P

(2), (3), (4) are similar.
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7. Analysis on Polynomial-Time Computability

7.2. Completeness
7.2.1. Definition and basic properties

Theorem 7.4: For any C-hard (or C-complete) set A,

(1) A€P>CC<P CP: CZP 2> A&P
(2)AENP > C S NP CP: CZNP > A NP

(3) A€coNP = C S coNP CP: Cz coNP = A &coNP
(4) AEEXP - C SEXP CP: CZEXP > A &XP

Ex. 7.3: Meaning of Theorem for class NP
Let A be NP-complete set.
By the contraposition of Theorem (1) we have
NPzP=> A & P
That is, NP-complete sets are NP-sets that cannot
be recognized in polynomial time unless P = NP.
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7. Analysis on Polynomial-Time Computability

7.2. Completeness

7.2.1. Definition and basic proper e

NP-complete problems
form the most difficult
problems in the class NP.

Ex. 7.3: Meaning of Theorem for class NP
Let A be NP-complete set.
By the contraposition of Theorem (1) we have
NPzP=> A & P
That is, NP-complete sets are NP-sets that cannot
be recognized in polynomial time unless P = NP.
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7. Analysis on Polynomial-Time Computability

7.2. Completeness
7.2.1. Definition and basic properties

Theorem 7.5: A: any C-complete set
For any set B we have
(1) A<, B >Bis C-hard.
(2) A<, Band BEC > Bis C-complete.

Proof: Once you have an
By definition, VL e QL <’ 4] NP-complete
By Theorem, L<’ AnA<’ B—>L<" p | ProblemA,itcan

Therefore, VL e QL <’ B] be used to
measure to the

That is, B is C-hard. other problems
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