Septemb er 19, 1996 Rep ort No. 4

NP-complete problems on a

3-connected cubic planar graph and

their applications

Ryuhei Uehara

Center for Information Science,

T oky o W oman’s Christian Universit y ,

Suginami-ku, T oky o 167, Japan.

uehara@twcu.ac.jp

Abstract

It is shown that the vertex cov er problem (or the maximum indep endent set problem) remains

NP-complete even for a cubic, planar, and 3-connected graph of girth greater than 3. The result adds

the restrictions of the 3-connectedness and the girth greater than 3 to the previously known result.

New NP-complete problems for faces on a triangulation of the sphere are pro duced.

Key words: NP-complete problems, T riangulations of the sphere.

1 In tro duction

It is well known that �nding a maximum indep endent set (MIS), or a vertex cover (VC) of a given graph

is NP-complete even for a cubic planar graph [2]. W e show that the VC problem (or the MIS problem)

remains NP-complete even for a cubic, planar, and 3-connected graph of girth greater than 3. W e add

the 3-connectedness and the restriction on the girth to the previously known result. The 3-connectedness

of a planar graph is an imp ortant prop erty

, since a graph forms the edge structure of a conv ex p olyhedra

if and only if it is planar and 3-connected ([3, 1]). Das and Go o drich show ed that several well-known

computational geometry problems involving 3-dimensional convex p olyhedra are NP-complete. T o show

the completeness, they used tw o NP-complete problems, that is, the VC problem on a 3-connected planar

graph, and the VC problem on a c-stellation of a 3-connected cubic planar graph for any constant c � 4.

Since our problem is contained by two NP-complete problems used by Das and Go o drich ab ove, our result

simpli�es their pro ofs.

Figure 1: Gadget and its VCs

A triangulation is widely investigated and it has many applications (see [5] for example). The geometric

dual graphs of a 3-connected cubic planar graph is a triangulation of the sphere. F or a 3-connected cubic

planar graph G and its geometric dual graph G

�

, a vertex of G corresp onds to a face of G

�

. Thus the

problems for vertices of G corresp ond to the problems for faces of G

�

. Using this, we have NP-complete

problems for faces on a triangulation of the sphere.

2 Main results

2.1 NP-completeness of the problems on a restricted graph

First, we show a lemma for the connectedness of a cubic graph.

Lemma 1 A cubic graph is 3-c onne cte d if and only if it is 3-line-conne cte d.

Pro of. By de�nition, 3-connected graph is 3-line-connected for any graph. Thus we show that 3-line-

connected cubic graph is 3-connected. Let G = (V ; E ) b e a 3-line-connected cubic graph. Then there

exist three edges e

1

, e

2

, and e

3 whose remov al results in a disconnected graph. It is su�cient to show

that each tw o of e

1

, e

2

, and e

3 share no common vertex. Assume that e

1 and e

2 hav e a common vertex v

for a contradiction. Since the degree of v equals three, the other edge e

4 incident to v exists. If e

3

= e

4

, it

is easy to see that G is 1-line-connected for some e

i with 1 � i � 3. Otherwise, G is 2-line-connected for

fe

3

; e

4 g since the degree of v equals three. In each case, it contradicts that G is 3-line-connected. This

implies that e

1 and e

2 share no common vertex. By symmetric, e

1

, e

2

, and e

3 share no common vertex.

Let S b e a set of one of endp oints of e

i with 1 � i � 3. Then clearly

, S witnesses that G is 3-connected.

F or a \gadget" shown in Figure 1(a), the following lemma holds.

Lemma 2 L et U = fv

1

; v

2

; v

3

; v

4 g. Then (1) the minimum VC of the gadget has size e qual to 5, and it

c ontains no vertex in U ; (2) for every VC on the gadget, if it c ontains at le ast one vertex in U , it has

size gr e ater than 5, and (3) ther e exists a VC of size e qual to 6, which c ontains every vertex in U .

Pro of. W e must select at least four vertices to cover eight edges around the gadget, and at least one of

two center vertices to cover center edge. Thus every VC contains at least �ve vertices. Thus, the VC of

size �ve is only one typ e shown in black in Figure 2(b), which contains no vertex in U . Now, it is not

di�cult to see that if a VC contains at least one vertex in U , it has size greater than 5. The VC shown

in black in Figure 1(c) completes the lemma.

Reminding that the girth of a graph G is the length of a shortest cycle in G, we are ready to show

main theorem in this section.

Theorem 3 The fol lowing pr oblem is NP-c omplete: F or a given 3-c onne cte d cubic planar gr aph G of

girth gr e ater than 3 and a p ositive inte ger k , is there a VC of size k ?

Pro of. W e provide a p olynomial time reduction from the following known NP-complete problem [2]: F or a

given cubic planar graph G

0

= (V

0

; E

0

) and p ositive integer k

0

, is there a VC of size k ? F or a given cubic

planar graph G

0

, let S

0 b e a set of each edge whose remov al results in a disconnected graph. F or each

Figure 2: Replacement an edge by tw o gadgets

e = fu; v g 2 S

0

, replace it by two gadgets as shown in Figure 2. Let G

1

= (V

1

; E

1

) b e the resulting graph.

Then, clearly , G

1 is a 2-line-connected cubic planar graph. Here we consider the following claim: G

0 has

a VC of size k

0 if and only if G

1 has a VC of size k

0

+ 10 j S

0 j. T o prove the claim, let e = fu; v g 2 S

0

,

and C � V

0 b e the minimum VC of G

0

. Since C is the VC, it contains u or v . By Lemma 2, if C

contains b oth u and v , the minimum VC of G

1 must contain at least 12 vertices to cov er two gadgets

corresp onding to u and v ; otherwise, 11 vertices are su�cient to cov er two gadgets. This establishes the

claim.

Next, for the 2-line-connected cubic planar graph G

1

= (V

1

; E

1

), let S

1 b e a set of each pair of edges of

E

1 whose remov al results in a disconnected graph. F or each pair in S

1

, select one of them, and replace

it by tw o gadgets as shown in Figure 2. Let G

2

= (V

2

; E

2

) b e the resulting graph. Then, clearly , G

2 is

a 3-line-connected cubic planar graph. By Lemma 1, G

2 is a 3-connected cubic planar graph. W e can

show the following claim by the same wa y as the �rst claim: G

1 has a VC of size k

1 if and only if G

2 has

a VC of size k

1

+ 10 j S

1 j.

F or each cycle of length 3, selecting an arbitrary edge of the cycle, and replacing the edge by two

gadgets in the same way

, we have the graph G

3 of girth greater than 3. The same arguments as the

claims ab ove completes the pro of.

F or any graph G = (V ; E ), V

0

� V is an MIS of G if and only if V � V

0

is a VC of G [2]. This implies

the following corollary .

Corollary 4 The fol lowing pr oblem is NP-c omplete: F or a given 3-c onne cte d cubic planar gr aph G of

girth gr e ater than 3 and a p ositive inte ger k , is there a MIS of size k ?

Das and Go o drich prov ed NP-completeness of the following two problems; the VC problem on a 3-

connected planar graphs, and the VC problem on a c-stellations of a 3-connected cubic planar graph for

any constant c � 4. Here, a stel lation of a face f in G as the insertion of a vertex in the interior of f

that we then make adjacently to each vertex of f . A c-stellation of a graph is the result of p erforming c

consecutive stellations on the graph (see [1], for detail). These VC problems contain the VC problem in

Theorem 3. Thus, using the theorem, we can simplify the pro ofs in [1].

2.2 NP-complete problems on a triangulation of the sphere

Whitney expressed planarity with the existence of dual graphs. Given a plane graph G, its ge ometric

dual graph G

�

is constructed as follows; place a vertex in each face of G (including the exterior region)

and, if tw o regions hav e an edge e in common, join the corresp onding vertices by an edge e

�

crossing

only e. The geometric dual graph of a 3-connected graph is always a simple graph (see [3] for detail).

A triangulation of the sphere is a planar graph such that every face of the graph, including the exterior

region, is a triangle. W e �rst show the following lemma.

Lemma 5 Ge ometric dual gr aph of a 3-c onne cte d cubic planar gr aph is a triangulation of the spher e.

Pro of. Let G = (V ; E ) b e a 3-connected cubic planar graph and G

�

= (V

�

; E

�

) b e its geometric dual

graph. Since G is cubic, 3 j V j= 2 j E j holds. By de�nition of the duality

, j E j=j E

�

j holds. Since G

is connected, Eular’s Theorem states that 2+ j E j � j V j � j V

�

j= 0 (see [4, Lecture 14] for example).

Combining the equations, we get that j E

�

j= 3 j V

�

j �6. Here, G

�

is a triangulation of the sphere if and

only if j E

�

j= 3 j V

�

j �6 (see [4, Theorem 14.10] for example). This completes the pro of.

F or a given triangulation of the sphere and a p ositive integer k , we de�ne two problems on them as

follows.

3

Indep endent triangle set

Question: Are there a triangle set of size k or more such that no tw o triangles in the set hav e an

edge in common?

Shaping triangulation

Question: Are there a triangle set of size k or less such that every edge of the triangulation is had

at least one triangle in the set?

W e remark that the shaping triangulation problem is the problem to minimize the number of triangles

to shap e the triangulation of the sphere. W e show the main theorem in this section.

Theorem 6 Both the indep endent triangle set pr oblem and the shaping triangulation pr oblem ar e NP-

c omplete.

Pro of. By Lemma 5, the MIS problem and the VC problem on a 3-connected cubic planar graph can b e

reduced to the indep endent triangle set problem, and the shaping triangulation problem, resp ectively .

It is easy to see that the girth of a graph corresp onds to the minimum degree of its geometric dual graph.

Thus, the indep endent triangle set problem and the shaping triangulation problem remain NP-complete

even if we add the restriction that the minimum degree is greater than 3 to a given triangulation.

References

[1] G. Das and M.T. Go o drich. On the Complexity of Approximating and Illuminating Three-Dimensional

Conv ex Polyhedra. In 4th International Workshop, W

ADS ’95, pages 74{85. Lecture Notes in Com-

puter Science V ol. 955, Springer-V erlag, 1995.

[2] M.R. Garey and D.S. Johnson. COMPUTERS AND INTRACT

ABILITY | A Guide to the The ory

of NP-Completeness. F reeman, 1979.

[3] F. Harary

. Gr aph The ory. Addison-W esley

, 1972.

[4] D.C. Kozen. The Design and Analysis of Algorithms. Springer-V erlag, 1992.

[5] F.P

. Preparata and M.I. Shamos. Computational Geometry: An Intr o duction. Springer-V erlag, 3rd

edition, 1990.

4