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PROBLEMS

Computer Animation
®P1 High computation cost
®P2 Various control parameters
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As shown as

Boundary Conditions

Initial Conditions

Rigid Body coefficient of restitution 1
Surface normal
Friction coefficient
Stiffness coefficient

- Drag coefficient
Aerodynamics Lift coefficient

Deformable Body

Forces
coefficients

¢ 1. He et.al, SIGGRAPH Asia 2012; 2. \@QWE%?A’ Physical Review E. 2013



TO Reduce computation cost

Dynamical DEGELE
‘lN O‘DES

Measurement) (Model Fitting\ /" Validation

Driven » _ [ 3

f
\ - 457 mm * / \ 00 20 40 / k /

Numerical implementation

Physics
-based

H.XIE@MEIS2014



Data-driven to Model Reduction

Dynamical %
+

Reduced System
of r<<N ODEs

Discretization @o
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Simulation Control Analysis
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POD DMD
2% POD = Proper Orthogonal Decompositiop;RMB-=,Bynamic Mode Decomposition 5

P. J. Schmid (2010). Dynamic mode decomposition of numerical and experimental data. Journal of Fluid Mechanics



Model Reduction in CG

Fluid simulation Deformable Models
[Treuille et al., 2006] [Barbic et al., 2005]
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[Zhao et al., 2013]




TO find control parameters

e.g., drag/lift coefficients
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Data-driven to Parameter Estimation
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‘ Curse of Dimensionality ‘

Dynamical Systems

INPUTS:

Parameterl N nodes
Parameter2 N nodes
Parameter3 N nodes

Nx N X N---

o

A Prior Reduced Model of Dynamical Systems

SEPARATED REPRESENTATION
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SeparatEd Representation
Dynamical system: D(U) = G(U P) N
State: U(xy,x2,...,T ZQZHUJ ;)

P Time+ P Initial P BoundaryP Physmal
space condltlon condltlon parameter

N .
ur=3"e [HIHIHIH |3

 Model-based (no precomputed snapshots)

e Reduced Model QP |eg P=2
Q=100
N=10
r=4PxXNxQ

mmm Operations
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Reduction Solver

 Determine prior unknown functions U/ (x;)

step n. ,_____knpyv_n_____
( n—1 ‘, d
Test functions: U = Z%HUJ z;)+ ][ Un
an, = 1 . =1 g=1 :I 7=1
Weak form:  (D(U),Ul)qa, = (G,Ul)a,
‘.’ lteration
Enrichment step: p-th iteration

Alternating directions

1
. _ (uz_1,upy_q, ...,ug_l) » u,
fixed-point method ..

1 k=1 k—l—l
(Unyy ooy Uy » ’LL

Check convergence




Reduction Solver

» Determine vy,

Projection step: o), [[ U/ () = (G, []U! (@)

\ 4

Check convergence:

Residual term

n—1 d d

R'=D(y ai][U)+]]Ui@) -6 < €

i=1 1=1 =1



A practical framework

Model Reduction
[

Discrete Form

N
éDEs D(U)=G]&;[[,TDU = U'G|

p=> -0 -0
—~——

Ng
G=>_[lFl

/Fixed-point Iteration

Weak Form

ﬁuTDu JU¥=(UTG ,u*]]-l

IfI I I are known, . .
o

mi=l

Enrichment step\

Projection step

-
\--- o — III' W) D (U )mum(G < Threshold

Convergence step
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Initialization

Model Reduction ~
r Discrete Form

C:)DEs D(U)=G]&>[[1TDU = U'G]

Np Ng
o=> I 6=3 1
Fixed-point Iteration '
/ Weak Form Enrichment step\

HUTDU 'U*]=[UTG’U*]]-1
\Iflhare known, .. .ili= III/

Projection step Convergence step

~- projection st
\--- 01— IIII ) D (U )mmm( < Threshold
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Discrete Formulation

An example u(t, k) = 3,0, Ti(t) Ki(k)
du in Qs x Q%
+ku=20 | |
dt Weak form: (D(U),U;,)a, = (G,U,)a,
(dg;naTn>(KnaKn>+(TnaTn)(kaKn)=— n) (Kis Kn)+(T5(t), Tn) (kK (k), Kn))

dNZ
) ) ) ) P;; _fQ N,dt
T PI'-K MyK+1T MT -K NK = zj_kaNkdek

N

n—1

N (@7 PT- K] MyK + T;M,T - K NK) M; = [, NiNjdt

i=1 \Mk — ka N;N;dk
. shape functions:s
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Algebraic Formulation

n—1

T'PT-K MyK+T MT-K'NK=-> (T; PT-K; MyK + T:M,T - K; NK)

pU)=c¢U,PI=>UTDU == UTG

N
U= ZCHUf & Ugl ® th

=1 Nj
D = ZDi@aD;...@D;
E;; Nj X Nj

G=) G ®G;.2G,
=1 Nj




Enrichment Step

Model Reduction
: Discrete Form

_ODEs_ D(U) = ]FEM [[,TDU m
D-Z.@). -®‘ G=ZI®I®I®I

/leed point Iteration ' \
Weak Form Enrichment step

HUTDU JUN=(UTG U*]]-l
IfIIIare known, .-. .EIE: III

ProJectlon step Convergence step

I =l -
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Enrichment step
Test functions: U, = anR1 @ Ra... @ Ry

oy = 1
‘ UTDU=UTG

Np Np n—1

> DiRi ® DyRs...® DgRa =G — Y Y ;DU ® D3Us ... ® DyUj;

=1 . 1=1 k=1

* Fixed-point method
- - —1 —1
p-th iteration| (RY,..,R}_ R /,..R} ") »R;?

Ng d Np n—1 d
ER;=> ( |] BR:GOG;—=>_> ( ]] EBwDUn)*DU; <; \Weak form
i=1 k=1,k#j i=1 k=1 m=1,m#j

where E = 520 (TT;_, ..; Bk DiRi)D;



Enrichment step

Check convergence:
IRPQRS.. @ RE —RYyT'@RY . @R <e

N
U= alUi®@U,..@U; Uj =

1=1

R;
|||
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Projection Step

Model Reduction
: Discrete Form

ODEs  D(U) - ]FEM sy (JTDU = ﬁ
D-Z.@’. -®m G‘ZI@I@I@

/leed point Iteration \
Weak Form Enrichment ste

(uTDU U¥=(UTG u*Jh
IfIIIare known, .. I

PFOJECt'On step Convergence step

EEE = = »




Projection Step

Determine vy, BA=H

Tus T A = [o10z...cm]T
(@), [0 @) =@ T/ e) O paan
Jj=1 Jj=1 3J_ZH(U DU;

k=1 e=1

H; = Z[H(Uﬁ)TG?]

Check convergence: m=1 k=1
1 <23 n

ND T
R" =) Y DU @ DyUs...@ DyUj — G < €

1=1 k=1
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Coupled Model

N
U= ZCE@U{’ ®U§...®U§ TR ® Ro... ® Ry

=1

W=  BWi@Ws.@Wi+51® S5...® Sy

DU(U, %4 ) = Gy decoupling> Dy(U,W,R,S =0) =Gy
Dw (U, W) = Gw Dw (U,W,R=0,5) =Gw
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A practical framework

Model Reduction ~

' ’ FEM . r_D_i_screte Form —

I: Initialize D, G,and U ;

2. for E';'IEB'E;Z;; do // number of coupled equations

33 for N =110 Niyg, do /[ number of enrichments

4: :'for p = 110 p,nq. do // fixed-point iteration \‘, 'I

5: i Compute R’ // enrichment step i

6: i Check convergence ]

7: end for i

8: ‘\ormalize U ;,"' /:'

9: Il'Compute coefficients a; // projection ste[J‘:

10: | Update U, :

11: :‘Check convergence ,l

122 endTor ~~"TTTTTTTTTTTTTTTOTTOTTOTOTT

13: Update G

14: end for

--- Of =IIII -D(U)—G < Threshold
- J




RESULTS



Parametric model :Linear

w1y =10 -
dt u(t,k) =) aTi(t)Ki(k)

60
D40 | = . _
s
20 |
o -2 |
Lo | | F 10
e LU, I
0 5 ! ¢
K {1 Y

H.XIE@MEIS2014 25



Ti(t)

Parametric model: Linear

e Base functions
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Parametric model :Nonlinear
1D free-fall problem

du 1

2 5. OnAu? —

At 2 pripAu” — g

u(t,Cp) = ZQ’J'TJ (t)D;(Cp) *
j=1

Nonlinear iterations
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Error

Cou

pled Model

(
dul + uouz = 1

dug + uiuz = 2

L

@it ul) = Y o T3 (U] (ud)US (u2) U5 (u3)

dug _ g=1
|~ +uiuz2 =3
wi(t =0) =ul,i = 1,2,3
79 y “~y
10 ¢ 10
\ —ul Our solver
. __Ei gt ODE solver
10 F A\
@
10k ot
5
\H =
10k
10 , é 15 1;

Tterations

0 5 10 15

Node number
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(b)
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Coupled Model: Stiff

Prey—Predator model

Lotka—Volterra equations:

z(t, o, Yo)

y(t, o, yo)

ZoaT
Z%

Yi(yo)

Y (o)

Value

i

H.XIE@MEIS2014

30




Coupled Model: Complex

Underwater rigid body dynamics
(without velocity coupling)

{(mE+M)C;—§ — (mE + M)u x w+ f,

(J—|—I)fi—°;:(J+I)wxw+(Mu)xu+Tg

n 6
Ur(t,up) = > aiTi(t) | [ U7 (uf)
=1 71=1

Red: Translational velocity
Green: Angular velocity
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Conclusion

* A practical framework of separated representation
* A promising model-driven approach for computer animation
 Reduced Model for weakly-coupled and nonlinear models

X2A

Limitation and Future work
@ Graphics application in progress

@ Strongly coupled and nonlinear model

@ Nonlinear Model Reduction (Trajectory PieceWise-Linear approach
(TPWL), Discrete Empirical Interpolation Method)

@ Hybrid reduced approach with POD
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A Prior Reduced Model of Dynamical Systems
H.XIE@JAIST

THANK YOU
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